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Abstract

In many competitive markets, sellers regularly have to make speci�c choices, where any
decision they take pleases a fraction of buyers while the other dislike it. This paper is about
such decisions. I present a simple strategic framework, where a large number of buyers are
randomly matched with a large number of price setting sellers. After this �rst round, search
is possible (and costly), and there is an outside option. Buyers only di¤er by their preferences
on a binary decision. Sellers individually take this decision, together with posting their price.
I show that even extremely small search costs lead to multiple equilibria. Focusing on the
case where buyers really care about this decision, I show that diversity is not necessarily the
socially optimal outcome. Moreover, if �rms can coordinate towards an equilibrium, they
weakly prefer the worst in terms of total surplus.
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Stability and e¢ ciency of market outcomes in presence of horizontal product diversity1 is

a long lasting question in economic theory. This paper proposes a simple strategic game that

answers this question from the angle of a binary choice to be made by �rms, where any decision

taken pleases a fraction of the buyers while it displeases the others.

This can apply to variety of monopolistically competitive markets, clothing, theaters, bars,

restaurants, bookstores, small retails, shoes. . . Even services as lawyers, medical doctors... As

long as there is a choice to be made by sellers and that it is not possible for a seller to satisfy

all types of buyers. Here are three very simple examples.
�ECARES, Université libre de Bruxelles - rfoucart@ulb.ac.be
1Characteristics of products that are not, per se, good or bad, but correspond to di¤erent preferences
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First, consider the market for hairdressers. Each hairdresser can provide a large choice of

haircuts, colours, at various prices. But when she has to decide whether to accepts making

appointments or to choose for a ��rst in, �rst served� policy, the two decisions are mutually

exclusive (at least for a given period of time). By choosing a system of appointment, the

hairdresser satis�es a share of the customers (the one that like to have an organized agenda),

but disappoints the other share, that prefer to come unexpectedly. The production costs are

roughly the same, but it is impossible, at a given period of the day, to please both types of

customers.

Second, consider theaters and movie theaters. Each can provide a large variety of shows,

serve very di¤erent customers with possibly di¤erent categories of seating quality. But, for a

given quality, they must decide if they choose to have numbered seats or not, or whether they

allow eating and drinking in the room. Again, those two lasts decisions are not very important

in terms of production costs. But they a¤ect all type of buyers. The ones that want to eat while

watching the movie dislike being forbidden to do so. But the ones that prefer to watch a movie

without the parasite noise of a neighbour eating popcorn appreciate this policy.

In the same spirit, bars can serve variety of drinks to a variety of customers, but when they

have to decide whether to allow smoking or not, or whether or not to put loud music, those

decisions a¤ect all the customers in the room2. A barman can serve any kind of drinks you

want, if you choose to listen to loud music while drinking, you cannot do so without hurting the

customers that try to have a quiet conversation.

To understand the speci�c mechanisms I study here, it is useful to emphasize two important

hypothesis of my model (i) sellers can change of type without having to bear any production

cost. This paper is not about technological standards (ii) Sellers have to chose a type, they

cannot produce both types simultaneously.
2 I propose a longer discussion of the question of smoking bans in restaurants and state regulation in

[Foucart (2010)]
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Under perfect information without any search costs, the results of this model are straight-

forward. The market re�ects the preferences of the buyers, and the buyers go to the sellers that

match their preferences. In this paper, I add (potentially extremely small) search costs. Indeed,

even if search costs today are widely reduced by new technologies, there still exist some cost to

identify a potential competitor to the �rm you used to visit. At least because you bear some

risk to go to someone you don�t know. Also because going to your �usual seller�is still less time

consuming that the very fact of considering a change.

I show that the existence of such costs changes the entire picture, as it generates a network

externality for the buyers. The larger the number of �rms that satisfy the preferences of a buyer,

the cheaper it is for him to �nd one.

The intuition of this network externality is quite close to what can be found in the literature

on two-sided markets (see for instance [Armstrong (2006)] or [Rochet and Tirole (2003)]). The

main di¤erence is that the externality does not come from the fraction of buyers of a certain

type on a given platform, but from the fraction of platforms of a given type on the market.

My results are mainly driven by a mechanism that can be related to the one used by

[Diamond (1971)] while introducing search costs in a homogeneous market. Diamond found out

that even very small search frictions allow the sellers to sell at monopolistic price. This apparent

contradiction to the traditional result popularized by [Bertrand (1883)] is often described as the

�Diamond Paradox�. Applying the same kind of frictions to the question of product diversity

induces a network externality of consumption, as buyers of one type are more likely to search if

they expect a large fraction of sellers to match their preferences. The conjunction of this net-

work externality with the monopoly price e¤ect found by Diamond yields the multiple equilibria

described in this paper. Speci�cally, the possibility of product di¤erentiation can (but does not

necessarily) allow for an equilibrium with a price lower than the monopoly price.

I propose to model product diversity as a game of decentralized matching under search
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frictions. I present it as follows: �rms chose to sell a service (think, a good) of either type 1

or type 2. There exist buyers of type 1 and type 2 in the market, under a proportion which

is common knowledge. A buyer of type i has high (resp. low) valuation for a service of type

i (resp. j). It is not possible for a �rm to discriminate prices, and buyers are price takers.

However, buyers can leave without buying (using their reservation utility) or stay in the market

and search for another product (but search is costly).

This approach is di¤erent from the various traditions in the literature, in the sense that it

features (a) a strategic foundation (b) endogenous horizontal diversity (c) search costs and (d) a

large number of sellers. Those di¤erences are discussed with more details in the next section, but

can be broadly summarized as follows: (i) this paper gives a strategic foundation, as opposed to

the many models using a representative agent (as in [Dixit and Stiglitz (1977)]) (ii) diversity is

an endogenous choice of �rms, as opposed to random utility models ([Perlo¤ and Salop (1985)],

[Deneckere and Rotschild (1992)], [Anderson and Renault (1999)]) (iii) search costs are inde-

pendent of the localization of the sellers, as opposed to models à la Hotelling ([Salop (1979)],

[Stahl (1982)], [Dudey (1990)]), (iv) a large number of sellers, while recent papers ([Chen and Riordan (2006)],

[Kuksov (2004)]) have studied strategic foundation for horizontal diversity under oligopoly or

duopoly.

In section 1, I brie�y review the relevant literature.

Section 2 is dedicated to the setup of the model, together with the three preliminary lemmas

over which I build up my results. In the most important one, lemma 3, I show that an equilibrium

price always corresponds to the participation constraint of either a good match or a mismatch.

This means there are only two possible prices in equilibrium.

In section 3, I summarize the results, focusing on the case where search costs are really low

(when discount factor goes to 1). I show that, if the di¤erence between a good and a mismatch

is su¢ ciently high, three Nash Equilibria coexist. Some allow for product diversity, which is
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always Pareto E¢ cient, but not necessarily welfare maximizing (as de�ned as the sum of the

surpluses of all buyers and sellers).

In one of those equilibria, the only good to be sold is the one desired by the majority, at such

a high price that it excludes the buyers of the minority from the market. Even if this outcome

is not Pareto E¢ cient, it is (weakly) preferred by the sellers. This implies that, if one allows

the sellers to coordinate towards an equilibrium, it might be the worst in terms of welfare.

If the di¤erence between a good and a mismatch is not too important, the outcome is

more classical, with all the buyers served and, depending on the beliefs, the market supplies a

�standard�that can be either the one desired by the majority or the other. This last case is in

line with the usual results in the literature on standard settings.

Section 4 proposes two extensions. First, I summarize the conditions of existence of the

above equilibria for di¤erent values of the discount factor. I show that the results are robust to

small increases in the search costs. I also discuss the case of having a bigger �rm that owns a

large fraction of the sellers.

Remaining discussion is in section 5.

1 Literature

In this paper, I propose a model of horizontal diversity with search costs. The point here is to

make clear the di¤erence mentioned in the introduction between this paper and the previous

literature. In this section, I brie�y present the related literature. In section 5, I discuss the

relation between those papers and my results.

The readers who are already familiar to this literature may directly switch to section 2.

1.1 Search costs and equilibrium prices

In the classical formulation of price competition [Bertrand (1883)], competition between atom-

istic sellers yields to sellers setting prices corresponding to the marginal cost. The intuition of
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Bertrand is famous and straightforward. Buyers are perfectly informed of the supply and buy

to the �rm setting the lowest price. Therefore, it is always a best response for any �rm to lower

the price until it equates the marginal cost. This equilibrium is often designed as �Bertrand�s

Paradox�.

Introducing search costs in the speci�cation yields another famous paradox [Diamond (1971)]

A model of search with a large number of buyers and a large number of sellers does not con-

verge to competitive equilibrium à la Bertrand. In �nite time, the price becomes the one which

maximizes joint pro�t. The intuition can be summarized as following.

A time period is the time it takes for a buyer to visit a store. At each period, the seller

sets the price for the whole period. The only way for a consumer to learn the price of a speci�c

store is to enter it. The commodity can only be bought once. Consumers know the distribution

of prices today, and are aware that the price might change tomorrow. There is no product

di¤erentiation. Search cost is an extremely simple and general condition. The utility of a buyer

is given by U(p; z) with p the price and z the number of periods needed to buy. The condition

is that U is decreasing in both arguments.

In this Paradox, for a given level of price in the market, sellers always have an incentive

to slightly increase their price until they reach the monopoly level. Indeed, by charging a little

more than the competitors, buyers do not leave, as long as they now they will have to pay more

to �nd another seller.

Whether this Paradox is resolved by allowing for product di¤erentiation is one of the ques-

tions raised in my model. I explain in subsection 1.3 how previous papers have managed to

discuss this issue in the past.

1.2 Horizontal Product Di¤erentiation without search costs

The kind of product diversity I want to talk about is horizontal di¤erentiation, as opposed to

vertical di¤erentiation. Vertical di¤erentiation can be seen as a question of quality. All types

of agents agree on the ordering on products, but may di¤er in their willingness to pay for the

di¤erence in quality. Horizontal di¤erentiation is a matter of tastes, and therefore the ordering

may vary among agents.
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A good illustration of this di¤erence is given by [Gabszwicz and Thisse (1986)]. This paper

gives two examples of horizontal versus vertical product di¤erentiation. The idea is to put

products on a line à la Hotteling. Assume population is located on an interval [0; 1] and �rms

locate in the same interval. This is horizontal di¤erentiation. But if both �rms are located

on the interval ]1;1] this is vertical product di¤erentiation. Vertical and horizontal product

di¤erentiations do not operate in the same manner. A stable outcome (including an endogenous

product speci�cation) arises more frequently with the former than with the latter. Horizontal

product di¤erentiation is rooted in taste di¤erences. By contrast, vertical product di¤erentiation

refers to a class of products which cohabit simultaneously on a given market, even though

customers agree on a unanimous ranking between them.

1.2.1 Representative agent

A �rst way of modeling horizontal product di¤erentiation and the demand for product diversity is

to use a representative agent who speci�cally values consumption of di¤erent substitute products.

This kind of market outcome is often referred as Chamberlinian monopolistic competition as

from [Chamberlin (1933)] and [Dixit and Stiglitz (1977)]. In this framework, there is a trade-

o¤ between economies of scales (�rms have �xed cost and constant marginal cost) and taste

for diversity. In equilibrium, with constant elasticity of substitution, [Dixit and Stiglitz (1977)]

show that the market is expected to supply not enough product diversity.

1.2.2 Spatial competition

A second way is to explicitly de�ne a strategic game played by sellers and buyers, the so-called

�spatial models�. This has often been done in the tradition of Hotelling.

In his literature review on Hotelling spatial competition, [Graitson (1982)] lists the assump-

tions of spatial models. Among them, one interestingly �nds:

(i) There is one commodity together with money

(ii) Consumers have identical demand curves for the commodity

(iii) Each �rm sells the commodity at a uniform mill price.

(iv) Average production cost is constant and identical for all sellers. Without loss of gener-

ality, the cost can be set to zero.
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(v) The preference of a buyer for a given �rm is given by the distance between the buyer

and the seller, as transportation costs are paid by the buyer.

Without search cost, the paradigm has long been the �principle of minimum di¤erentiation�.

This classical results implies that, in presence of two �rms, horizontal product di¤erentiation

will be minimal (both �rms locate in the middle). This result is expected to be less stable while

increasing the number of sellers, and even the validity of the principle with two sellers has been

questioned by [d�Aspremonts et al. (1979)]. One of the limitations of this model is the absence

of outside option. This gap has been �lled by [Salop (1979)], who introduces the existence of an

outside good in a model of spatial competition. Among others, he shows that the market may

produce too much diversity with respect to the optimal level.

1.2.3 Bringing representative agent and spatial competition back together

[Perlo¤ and Salop (1985)] try to reconcile both views. The idea is that there exist a large number

of �rms, for which buyers have preferences. Each �rm sets its own price, the same for every

buyer. Given the price pi of a good and the preference of the buyer for this good �̂i, the surplus

is si = �̂i� pi. The buyer buys exactly one unit of its �best buy�if and only if it gives more utility

than the outside option. This is pure horizontal diversity in the sense that aggregate preferences

for each particular brand i are independent and identically distributed. The authors show that

convergence to a competitive equilibrium is possible but does not always happen. Speci�cally,

when there is a mass point (a large number of buyers share the same preference), one can

expect �rms to have some market power. Moreover, when intensity of preferences increases,

price increases.

In the same spirit, [Deneckere and Rotschild (1992)] discuss the outcomes of the two possible

approaches to model horizontal product diversity. The question is to understand why the sym-

metric model with a representative agent yields not enough product diversity, while the spatial

model yields too much product diversity.

The authors explain that the di¤erence is driven by the fact that the Symmetric model is

more competitive. The idea can be summarized in terms of intensity. A few �rms can almost

e¢ ciently supply all the market on a circle. With symmetric case, whatever the number of �rms,

you will always �nd some buyers who have very intense preference for a new good.
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1.3 Horizontal product di¤erentiation with search costs

In the two �rst subsections, I have presented the impact of search costs and of horizontal product

diversity on prices. My model is a further attempt to discuss both issues together. I shall explain

with more details below which are the contributions of this model.

1.3.1 Spatial competition

[Stahl (1982)] de�nes a model of product localization with search cost. The goal of buyers is to

�nd the type they prefer, the goal of a �rm is to maximize its pro�t by choosing the optimal

localization. Clustering is expected to happen if the reduction of demand due to the substitution

e¤ect (competition for consumers) is more than outweighed by the increase in demand due to

the market area e¤ect. Moreover, �rms, by joining the large market, confer an external bene�t

to the sellers already there (a positive network e¤ect). This external bene�t is due to consumer�s

imperfect information as to which products are o¤ered where.

[Dudey (1990)] goes further in this kind of models. Firms decide their location, and there

are search costs. The idea is that, by clustering, �rms decrease the search costs (which allow

increasing the demand). On the other hand, clustering increases competition. Thus, �rms face a

trade o¤. In this model, the �rms set quantities (play a Cournot game) and the consumers have

the same demand functions. Investment (location) is made ex ante. The result is really close to

the principle of minimum di¤erentiation of Hotelling, but is motivated by search rather than by

transportation costs.

1.3.2 Other speci�cations

The papers in this subsubsection, together with the ones of subsubsection 1.4.2, are the closest

to my model.

[Anderson and Renault (1999)] present a model based on the following assumptions (i) buy-

ers face search costs (ii) product diversity is horizontal. This is di¤erent from what I do in the

sense that the model relies on random Utility with symmetric �rms (and not on endogenous

choice made by �rms). Their main results are: (i) Market Price rises with search costs (ii)

Market Price decreases with the number of �rms (iii) Diversity increases with search costs (iv)

The most important market failure is to be noticed with low preference for variety and high

search costs. The way it is modeled is:
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U ji = uji � kc

= �pj + �"ji � kc

Where "ji denotes the (random) preference for �rm j, c the (linear) search cost and k the number

of searches. � is a scale parameter and pj the price.

It is also important to notice that [Anderson and Renault (1999)] only consider equilibria in

which all �rms set the same price p� in equilibrium. In my model it is not necessarily the case,

because �rm�s behaviour are not always symmetric.

[Chen and Riordan (2006)] study the theoretical possibility of �price increasing competition�

in presence of a duopoly (while I consider a large number of sellers). The question is to know

whether the entry of the second �rm increases or decreases the price in the market. The intuition

with two �rms is rather close to the one I present in this paper. The impact of a new entry on

a market is twofold. On the one hand, there is a market share e¤ect. The market share e¤ect

corresponds to the idea that the entry of a new �rm decreases the quantity demanded to the �rst

one. On the other hand, products are di¤erentiated (close but not perfect substitutes). Hence,

the demand function for a given �rm is steeper. The demand is less likely to increase as the

consequence of a decrease in price, because consumers have the choice (consumers value both

types and prices). Hence, if the second e¤ect dominates the �rst one, increasing competition can

increase the price.

[Bar-Isaac et al. (2008)] present a model with a continuum of buyers and a monopolisitic

seller (while I consider a large number of sellers). A �rm can invest in the quality of a product

with 2 characteristics. Acquiring information on each of the characteristics is costly. Hence,

and this is where this paper relates to mine, in equilibrium, the individual choice of consumers

a¤ects �rm investment and thereby other consumers. The main result of the paper is that a

drop in the cost of acquiring information can therefore lead to a welfare loss (given the initial

conditions). Importantly, to change a �rm�s behavior, one would require a commitment of a

mass of consumers in a coordinated manner.

[Kuksov (2004)] proposes a model of endogenous horizontal product di¤erentiation with

search costs, with two sellers (while I consider a large number of sellers). The main result
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consists in two opposite e¤ects:

(i) Lower search costs yields better information of buyers, and therefore higher competition,

which is expected to decrease the price.

(ii) Lower search costs yields higher product diversity, which is expected to increase the

price, as it increases the market power of a seller

The author shows that, when diversity is �xed, decreasing search costs decreases the price.

When it is endogenous, it increases the price.

1.4 Models of matching

The way I will model horizontal product diversity is based on the idea of matching. Interestingly,

many matching models have considered issues in horizontal di¤erentiation in the latest years.

1.4.1 Matching and ex-ante investment

This kind of framework goes back to Beckers�[Becker (1973)] �Theory of marriage�. The paper

de�nes a market for marriage, which can be thought as an allegory of many markets. The starting

point is to consider that marriage is a voluntary decision (hence revealing preferences), where

people compete for matching (hence, there exist a market). In a marriage, one bene�ts from

the other member of the couple, depending on some characteristics she has. Hence, your own

characteristics are kind of a �public good�to the couple.

In my paper, I consider a market where investment is made ex-ante (before matching).

[Peters (2007)] has presented such a model with assortative matching (and thus, as opposed to

me, vertical di¤erentiation). Ex ante investment is made to be the most attractive. Ex post, the

quality of investment generates a positive externality for the partner. Peters shows this yields

too much investment in equilibrium.

In the same kind of vertical di¤erentiation, [Acemoglu (1997)] presents a model with search

costs in matching. Workers di¤er in their skills and in their investment in education. Acemoglu

shows that, due to search, skilled workers under invest in human capital (because they fear to

be mismatched), and �rms o¤er lower wages for the unskilled workers (for the same reason).
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1.4.2 Matching with horizontal di¤erentiation

Recent papers have discussed matching with horizontal di¤erentiation. [Besley and Ghatak (2005)]

study matching and horizontal product diversity in a job market. The idea is that agents and

principal are of di¤erent types, and that a good matching, when agent and principal share the

same �mission�, generates higher surplus. [Clark (2007)] has studied matching when likes attract

likes. The question is to �nd the best matching process in presence of horizontal heterogeneity

of types. [Klumpp (2009)] discusses the stable matching under transferable and non-transferable

utility given horizontal product diversity. Horizontal diversity is modeled as a line where utility

is decreasing in the distance (related thus to the spatial model), but diversity is also assumed

to be exogenously given.

2 Setup

Two groups of mass 1 are randomly matched. The �rst group is the buyers, with an exogenous

fraction � (which is common knowledge) of type 1 and 1 � � of type 2. In this presentation

of the model, I consider � 2 [12 ; 1[
3. The symmetric results are straightforward. The second

group is the sellers, with no type predetermined. A �good�matching generates surplus V and

a �bad�matching generates surplus v < V . The surplus is primarily received by the buyer who

can transfer some to the sellers by paying the price. Both types of goods are produced with no

�xed cost and constant marginal cost 0. The game is as follows:

1. Each sellers chooses its type (either 1 or 2) and price o¤er (this can only be done once).

2. Sellers are randomly matched 1 by 1 with the buyers.

3. Every buyer observes the price and type of the seller she is matched with, as long as the

fraction  of sellers of type 1 and the price distribution. Each buyer decides whether to Accept

(A) the o¤er, Leave (L) the market and receive the outside option r < v or search (S) for another

seller4.

3. If a buyer searches, she is matched randomly with another seller, but her payo¤s are

discounted with a parameter � < 15. She can search as long as she wishes, with payo¤ after i

searches discounted by a factor �i < 1

The timing of the game is depicted in �gure 1.

3 I voluntary exclude the possibility to have exactly � = 1
2
. Heterogeneous buyers implies to have � < 1.

4Bargaining on price is not allowed.
5Trivially, � = 1 yields Bertrand Paradox.
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Firms
chose
type and
set price

α,δ,r,V,v
are
common
knowledge

time

Buyers
learn γ and
the
distribution
of prices

Buyers are
randomly
matched
and choose
either
(A),(S),(L)

Buyers’ payoffs are
discounted by a factor
δt with t the number of
(S)

Figure 1: The timing of the game

2.1 Preliminary: three useful lemmas

First, a few lemma, and intuition of the proofs (when need be, formal proofs are in appendix):

Lemma 1 Both types of sellers have the same expected pro�t in equilibrium.

Proof. sellers are free to change of type at no cost. Therefore, if the expected pro�t of a

seller selling a service of type i is higher than the expected pro�t of a seller of type j, this is not

an equilibrium. It is a best response for a seller of type j to sell service i.

Lemma 2 For a given level of price, a seller sets its price in a way to decide what kind of

buyers accept its o¤er, but has no in�uence on who search for it.

Proof. This important lemma is really close to [Diamond (1971)]. While deciding whether

to accept an o¤er or search for another, a buyer considers the distribution of prices in the market

p̂. As there is a continuum of sellers, a single seller has no in�uence on p̂. However, a seller knows

p̂, and can set its price in order to make buyers of a given type accept its o¤er.

Given lemma (2), consider the following de�nitions.

De�nition 1 The participation constraint for a seller of type j is ful�lled for a buyer of

type i if the seller o¤ers a price leaving the buyer of type i valuation higher than the reservation

utility r. I denote this by PCji , with i; j 2 (1; 2)
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De�nition 2 The incentive compatibility constraint for a seller of type j is ful�lled

for a buyer of type i if the seller o¤ers a price higher than its (discounted) expected utility if she

stays in the market. I denote this by ICji , with i; j 2 (1; 2)

De�nition 3 A buyer of type i accepts the o¤er of a seller of type j if and only if PCji and

ICji are ful�lled.

Lemma 3 There are only two possible prices in a Nash Equilibrium: p = V � r and p = v � r

Proof. Formal proof is given in appendix A.1. The intuition is as follows. On the one

hand, a single seller has no market power to make a buyer search for it. Hence, there is never

an incentive to lower the price in a way to attract a speci�c category of buyers. On the other

hand, for any given level of price played by the other sellers of its type, a given seller can slightly

increase its price without making the buyers of its own type search. However, there can be an

incentive not to increase the price above v � r. Indeed, there is a discontinuity at this point, as

the seller does not meet the participation constraint of the buyers of the other type anymore.

Trivially, there is no incentive either to set the price above V � r as no participation constraint

is ever met.

This last lemma is the key to understand all the following results in the paper. Because the

incentives to change prices are a¤ected by this discontinuity in the demand, there is (potentially)

room for product diversity.

From now on, I denote by �high price�p = V � r and by �low price�p = v � r.

3 Results

In this section, I focus on the case of very small search costs (� ! 1). Formal proofs (in

appendix) give the additional conditions on � that will be used while discussing the robustness

of the results in section 4. This section is divided in two subsections, depending on whether the

following condition is true:

Condition 1 � > v�r
V�r .
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This corresponds to assuming that the relative surplus generated by a �good�matching with

respect to a �bad�matching is high enough, as compared to the size of the majority.

The case when this condition is true, which I denote by �family 1� is the most appealing

in terms of results. It is largely discussed in the next subsection. The other case (�family 2�)

corresponds to a more classical story of standard settings and is brie�y discussed in subsection

3.2

3.1 Family 1: when di¤erentiation matters

In this family, there are 4 potential Nash Equilibria and, given the values of the parameters,

only 3 of them coexist. The equilibria are as follows.

3.1.1 Tyranny of the majority (high price) - TMH

In this �rst equilibrium, only buyers of type 1 are served, at a price that extracts all the surplus

of those buyers.

Proposition 1 If and only if condition 1 is true, there exist an equilibrium such that all sellers

sell the service 1 at price p = V � r. Buyers of type 1 buy, buyers of type 2 leave the market

without buying.

Proof. Formal proof is in appendix A.2. The intuition is as follows: if buyers expect to be

in Tyranny of the majority (high price), no buyer ever searches for another �rm. Buyers of type

1 accept the o¤er, while buyers of type 2 leave the market. Hence, it is not a BR for a seller to

lower the price. The maximum price that allows a �rm to increase its demand (make both types

of buyers accept the o¤er) is p0 = v � r, which lowers the pro�t by condition 1.

In this equilibrium, buyers are separated, but there is obviously a loss in terms of surplus due

to the fact that the market simply ignores buyers of the minority type. There is no way for an

individual seller to extract this surplus, as it has no market power to generate its own demand.

As will be made clear below, this equilibrium is the only one which is not Pareto E¢ cient.

However, it yields pro�t �(V � r) to each �rm, which makes it (weakly) the best of all equilibria

in the point of view of the sellers.
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3.1.2 Tyranny of the majority (low price)- TML

In this equilibrium, all buyers are served service of type 1 at a price corresponding to the

participation constraint of buyers of type 2, the mismatch surplus v�r. For such an equilibrium

to hold, one needs a stronger condition than condition 1. Two conditions are needed (i) a stronger

majority (ii) su¢ ciently small search costs. Indeed, there must not exist a price p0 > v � r such

that buyers of type 1 do not search for another seller (i.e. � must be high enough) while sellers

have an incentive to raise the price to p0 and receive pro�t �p0 > v � r (i.e. � must be low

enough). This is summarized in condition 2.a Condition 2.b corresponds to the idea that a seller

has no incentive to switch producing service 2 at high price (note that even if producing service

2 at high price can be a pro�table deviation, it is not an equilibrium, as � > 1
2). Condition 2.c

corresponds to having su¢ ciently low search costs to leave some market power to the buyers.

As long as we have assumed � ! 1, the only condition which is potentially binding is

Condition 2.b.

Condition 2 a) � < v�r
V�r��(V�v)+(1��)r b) 1� � <

v�r
V�r and c) � >

r
V�v+r

Proposition 2 There exist an equilibrium such that all sellers sell the service 1 at price p =

v � r. Buyers of type 1 and 2 buy without search.

Proof. Formal proof is given in appendix A.3. The intuition is given by the three conditions.

There must not exist incentives to deviate by (i) selling service 1 at price p0 = V � r without

making buyers of type 1 search (condition 2.c) (ii) selling service 2 at high price (condition 2.b)

(iii) selling service 1 and increasing the price below the threshold that makes buyers of type 1

search (this threshold can be between v � r and V � r).

Note that this tyranny of the majority at low price is the only pooling Nash Equilibrium

when condition 1 is ful�lled. This equilibrium leaves a large surplus to the buyers of the majority,

but it is the worst in terms of pro�t for the �rms. Indeed, even if the price is in some sense a

�monopoly´ price (the full surplus of the minority is extracted by the sellers), the pro�t of each

�rm is (v � r) < �(V � r).

3.1.3 Asymmetric supply

There are two versions of this equilibrium. The �rst version exists under mild conditions and

leaves some surplus to the buyers of the minority. The second version leaves some surplus to the
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majority, but needs stronger conditions on the parameters (and is mutually exclusive with the

Tyranny of the majority (low price)).

Some surplus left to the minority: - ASmin In this equilibrium, a fraction  of sellers of

type 1 produces at price p1 = V � r. A fraction (1 � ) of sellers of type 2 produce at price

p2 = v � r. Buyers of type 1 never search and buy to both kinds of sellers. Buyers of type 2

wait until they �nd a seller matching their preferences. This equilibrium exists if and only if

condition 1 and the following condition 3 are true.

Condition 3 1��
� > r

v�r
1��
�

Condition 3 can be interpreted as follows: one needs (i) enough sellers of type 2 for a market

with search to exist (ii) su¢ ciently low search costs and (iii) a su¢ ciently high surplus of a

mismatch (so that even at low price there is enough pro�t to be made).

Again, assuming � ! 1 allows us to consider this restriction as non-binding as it can be

simpli�ed to � < 1.

First, I characterize the equilibrium. Second, I show it is actually an equilibrium. Therefore,

it is convenient to derive two more lemmas.

Lemma 4 A buyer of type 2 waits to �nd a seller of its type i¤ V � v > r
1�

1��
1�

Proof. Formal proof is in appendix A.4. The intuition is as follows: (i) The di¤erence

between a good and a mismatch must be su¢ ciently high (ii) The fraction of sellers of type 2

must be large enough, and search costs low enough to make buyers search.

Lemma 5 At the isopro�t condition, there is a fraction � of sellers of type 1, with � =

1� 1��
�

v�r
V�v

Proof. Formal proof is in appendix A.4. The intuition is as follows: (i) The higher the

fraction of buyers of type 1, the higher the fraction of sellers of type 1 in equilibrium (ii) The

higher the di¤erence between good and mismatch, the higher the fraction of sellers of type 1,

because sellers of type 1 extract, for each buyer, the surplus of a good match, while sellers of

type 2 extract the surplus of a mismatch.

17



Interestingly, we note that � is independent of �. As long as search is activated, the only

element that in�uences  is the isopro�t condition, which depends on � and on the ratio between

the surplus of a mismatch and the surplus of a good match.

Now, we are ready to present and prove the equilibrium

Proposition 3 When condition 3 and 1 are true, there exist an equilibrium such that both

services are produced. A fraction � of sellers produce service 1 at price p1 = V � r and a

fraction of sellers 1� � produce service 2 at price p2 = v � r.

Proof. Formal proof is in appendix A.4. The intuition is as follows: (i) lemma 4 ensures

that buyers of type 2 actually search, and (ii) lemma 5 ensures sellers make isopro�t. Bringing

those two constraints together yields condition 3. Under this condition, there must exist an

equilibrium �.

Note that, in any case, condition 1 still has to be ful�lled. Indeed, � must, by de�nition be

bounded between 0 and 1. There is no value of the parameters such that  goes higher than

1, but there are values of the parameters such that � is lower than zero. This corresponds to

1 < 1��
�

v�r
V�v , � < v�r

V�r , which is equivalent to saying that condition 1 must be false. Therefore,

condition 1 and condition 3 together are su¢ cient and necessary conditions for the existence of

this equilibrium.

Some surplus left to the majority: - ASmaj This second version of the equilibrium is a

bit more complicated. The strategy to �nd the equilibrium is almost the same as in the previous

subsection. However, one needs an even stronger condition, in the sense that, in this case, it is

the minority that must be large enough to attract specialized sellers. Consider the isopro�t �

in this equilibrium, which is given by

 =
�

1� �
v � r
V � v

This equilibrium exists if and only if condition 1 and the following conditions 4 and 5 are true.

Condition 4

1� � > v � r
V � r

Note that this condition is mutually exclusive with condition 2.b. This version of Asymmetric

Supply can therefore not coexist with the Tyranny of the majority (low price).
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Condition 4 comes from the isopro�t condition and the need to ensure that  is below 1. It

can be interpreted as follows: (i) One needs a su¢ ciently high di¤erence between a good and

a mismatch, so that it makes sense for some sellers to specialize in the minority and (ii) this

minority must be su¢ ciently important.

Condition 5

� >
r(1� �)

r(1� �) + (v � r)�

Condition 5 corresponds to the idea that buyers of type 1 need to actually search for sellers of

their type (remember that  is not necessarily higher than 1
2). Therefore, one needs � su¢ ciently

large (because it yields higher ), together with � and surplus of a mismatch su¢ ciently high.

By assuming � ! 1, this condition simpli�es to � > 0, and has not to be taken into account.

Proposition 4 When condition 4 and 5 are true, there exist an equilibrium such that both

services are produced. A fraction � of sellers produce service 1 at price p1 = v � r and a

fraction of sellers 1� � produce service 2 at price p2 = V � r.

Proof. Formal proof is in appendix A.4. The intuition is as follows: (i) Condition 4 ensures

isopro�t can exist with  between 0 and 1, and (ii) condition 5 ensures it is not a best response

for a seller to sell service of type 1 at high price (as such a seller will lose all buyers by making

buyers of type 1 search).

I show in appendix A.4 that there exist no other equilibria when condition 1 is true.

3.1.4 Welfare analysis

One of the main questions in the literature is to know whether the market generates too much

or not enough diversity. As will be made clear below, the answer depends on the objectives of

a social planner. A social planner can broadly have two main objectives: (i) maximize the total

surplus (ii) maximize the surplus of consumers (for instance, when it goes about regulation, the

latter is the o¢ cial statement of the European Commission).

The following table summarizes the expected surplus of sellers, buyers, and the total sur-

plus under the di¤erent equilibrium. Again, this is done assuming � ! 1. The details of the

computation are given in appendix A.5.
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Sellers Buyers type 1 Buyers type 2 Total
TMH �(V � r) r r �V + (1� �)r
TML v � r V � v + r r �V + (1� �)v
ASmin �(V � r) r V � v + r V � (1� �)(v � r)
ASmaj (1� �)(V � r) V � v + r r V � �(v � r)
A �rst comment on this table is that all but one equilibria are on the Pareto Frontier. Indeed,

Tyranny of the majority at high price is Pareto-Dominated by Asymmetric Supply (some surplus

left to the minority), as sellers and buyers of type 1 are indi¤erent, while buyers of type 2 strictly

prefer the latter. As long as ASmin exist for any value of the parameters (assuming � ! 1), TMH

is never Pareto E¢ cient.

The four equilibria never coexist all together, as long as condition 2 implies that either TML

of ASmaj do not exist. Therefore, let me compare the welfare outcomes and preferred policies of

each kind of agent under the di¤erent alternatives. I will consider three agents: the sellers (with

objective to maximize their surplus), the buyers (a social planner that only cares about the total

surplus of buyers, regardless of their type), and the welfare maximizer (as social planner that

aims to maximize the total welfare).

Assume that condition 2 is true Therefore, the choice is between the three following

alternatives: TMH , ASmin and TML.

The sellers are indi¤erent between TMH and ASmin, and want to avoid TML

The buyers. It can easily be shown that they strictly prefer TML to any other option, and

they prefer ASmin to TMH

The welfare maximizer problem is a bit more complicated. For sure, TMH is dominated

by the two other outcomes. But TML is preferred to ASmin i¤

�V + (1� �)v > V � (1� �)(v � r)

, V � v < v � r

To understand this last result, one has to remember that the fraction of sellers of type 1,  is

endogenously determined by the fraction of buyers of type 1 and by the di¤erence between a

good and a mismatch V � v. In ASmin, the �rms that sell at high price extract all the surplus

of buyers of type 1. By isopro�t, if this surplus of a good match is high, many �rms sell type 1

and there is only a small surplus loss from mismatch of those buyers. There is no surplus loss
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for the buyers of type 2 as they all search until they are matched, and � ! 1. However, if the

di¤erence is low,  is smaller and it is welfare enhancing to be in a world of TML.

Therefore, the welfare maximizing equilibrium can be either preferred by the buyers or

(weakly) preferred by the sellers. But there is no way to conciliate the objectives of buyers and

sellers. The policy implication is that, if one consider the possibility of state intervention to

coordinate towards one or the other equilibria, if it is quite easy to understand the positions

of sellers and buyers, it is not that obvious to understand which side of the market a welfare

maximizing social planner should listen to.

While considering the possibility of coordination of sellers towards an equilibrium, the main

risk is that their (weakly) preferred option TMH is also the worst outcome in terms of total

welfare.

Assume now that condition 2 is false Therefore, the choice is between the three following

alternatives: TMH , ASmin and ASmaj .

The sellers are indi¤erent between TMH and ASmin, and want to avoid ASmaj

The buyers. It can easily be shown that they strictly prefer ASmaj to any other option,

and they prefer ASmin to TMH

The welfare maximizer strictly prefers ASmin to ASmaj , which is preferred to TMH (see

appendix A.5)

The fact that ASmin is socially more desirable than ASmaj can, again, be seen as quite

counterintuitive. But the reasoning is similar as what we observed in the previous case. In the

end, in ASmin, more people are properly matched that in ASmaj , simply because the fraction of

sellers of type 1 is not the same, and because � ! 1, which implies no welfare loss of search.

Hence, the policy implication is quite surprising. The sellers are indi¤erent between the best

and the worst outcome in terms of total welfare. And the buyers strictly prefer an equilibrium

which is not the one that maximizes total surplus.

3.2 A second family of equilibria: pooling

Assume now that condition 1 is NOT ful�lled, i.e.

� <
v � r
V � r :
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This corresponds to assuming that the relative surplus generated by a �good�matching with

respect to a �bad�matching is quite small, compared to the size of the majority.

Note that, as we consider the opposite condition as in the �rst family, if we exhaust all the

potential equilibria in both families, we exhaust all the potential equilibria in this setup6. As

will be made clear below, this section is much more intuitive, and its results relates quite closely

to classic results of standard setting games. To summarize, goods are always sold at �low�price.

As long as buyer care about the type of sellers, there will be a standard (either the majority of

the minority). If the buyers do not care (which doesn�t happen when � ! 1), anything can be

an equilibrium, as long as the price is v � r.

3.2.1 Majority pooling

Under majority pooling, only the service desired by the majority, service 1, is sold, at price

p1 = v � r. Indeed, as the di¤erence between high and low valuation is not that important,

sellers want to attract both types of buyers without search.

For both majority and minority pooling to exist (and not to be weak), one needs the following

condition (if it is not ful�lled, I show later that there exist an in�nite number of equilibria in

�mixed pooling�).

Condition 6 � > r
r+(V�v)

This condition means that it is not a best response for a seller to change of type at low price,

because all the buyers of the equilibrium type will start searching for other sellers. Assuming

� ! 1, this condition always holds.

Proposition 5 If condition 1 is false and condition 6 is true, there exist a Nash Equilibrium

such that all sellers sell service of type 1, at price p1 = v � r. Both types of buyers buy without

search.

Proof. Formal proof is given in appendix A.6. The idea is fairly intuitive: selling at high

price does not increase pro�t as condition 1 is false. Changing type decreases pro�t as from

lemma 2.
6Remember we voluntary ignore the case where � is exactly equals to 1/2.
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3.2.2 Minority pooling

Under minority pooling, only the service desired by the minority, service 2, is sold, at price

p2 = v � r. Again, it is bought by both types without search.

Proposition 6 If condition 1 is false and condition 6 is true, there exist a Nash Equilibrium

such that all sellers sell service of type 2, at price p2 = v � r. Both types of buyers buy without

search.

Proof. Formal proof is given in appendix A.7. The idea is symmetric to majority pooling,

in equilibrium it is a best response to sell the good desired by the minority at low price.

Interestingly, even if there is a coordination failure in some sense (total surplus is higher under

majority pooling), sellers have no speci�c incentive to coordinate because minority pooling yields

exactly the same pro�t as majority pooling.

3.2.3 Mixed pooling

I fully present this part to avoid repetition in the next section, where I present the full picture.

However, if we assume � ! 1, the mixed strategy equilibrium does not exist. A third type of

equilibrium can exist, where sellers are indi¤erent between producing both types of services, and

where various values of  are potential equilibria. I subdivide those equilibria in two parts:

(1) If condition 6 is false Then, for any value of , sellers are indi¤erent between both

types, and therefore, any  is an equilibrium.

Proposition 7 If condition 6 is false, there exist a continuum of (weak) equilibria where sellers

are indi¤erent between producing both types. Hence,  2 [0; 1]. Goods are sold at price p2 =

p1 = v � r. Both types of buyers buy without search.

Proof. Formal proof is given in appendix A.8. Intuitively, sellers just don�t care about

customers preferences, because any decision they take yields the same pro�t.

(2) If condition 6 is true Still, there can exist threshold values (�; +) such that, for any

� <  < +, sellers are indi¤erent between both types. De�ne the two following threshold

values:
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De�nition 4 � = V�v+r
V�v � r

�(V�v)

+ = 1� �

Note that this is bounded by � = 0; + = 1, which corresponds to condition 6.

Consider now a more restrictive condition then 6. If this condition is true, one can conclude

there does not exist such an interval of 

Condition 7 � > 2r
V�v+2r

One can easily see that condition 7 is more restrictive than condition 6.. Hence, if condition

6. is false, condition 7 is necessarily false. Now, we can present the equilibrium. I show in

appendix A.8 how we get the condition. I also give a graphical representation in �gure 3..

Proposition 8 If condition 7 is false, there exist a pair (�; +) such that, for any � <  < +

there exist a continuum of (weak) Nash Equilibria where sellers are indi¤erent between producing

both types. Hence, for any  � [�; +], goods are sold at price p2 = p1 = v � r. Both types of

buyers buy without search.

Proof. Formal proof is given in appendix 7. This case is very speci�c. The idea is that there

are values of � such that search can happen if the market converges towards supplying one of the

two types. When the market is heterogeneous, buyers do not search because they are not sure

of what they will get if they refuse the o¤er. However, those equilibria are all weak, as sellers

are indi¤erent between selling both types.

I show in appendix A.8 that no other equilibria exist when condition 1 is false

3.2.4 Welfare analysis

As no search ever occurs, and buyers always buy, the welfare computation is extremely simple

in this case. The total surplus generated by a good matching is V , and the one generated by a

mismatch is v.

Majority Pooling is Welfare Dominating, but not Pareto Dominating

(1) Welfare dominating Total surplus is thus given by

W () = �V + �(1� )v + (1� �)v + (1� �)(1� )V

W () = �(V + (1� )v) + (1� �)(v + (1� )V )
dW
d > 0 as �(V � v) > (1� �)(V � v), � >

1
2

24



(2) Not Pareto Dominating The surplus of the sellers does not change: v � r for any

value of  at the equilibrium

The surplus of buyers of type 1 is Wb1 = (V � v + r) + (1� )r , strictly increasing in 

The surplus of buyers of type 2 is Wb2 = (1� )(V � v + r) + r, strictly decreasing in 

Therefore, any competitive equilibrium is on the contract curve.

4 Extensions

4.1 The �big picture�

Figure 2 represents the full map of equilibria, corresponding to all the conditions presented in

the previous sections, and allowing � to vary. Here, I assume condition A.4 is false, which means

there is the possibility of tyranny of the majority at low price. One can draw the same kind of

picture when the condition is true. The horizontal axis represents the discount factor, and the

vertical axis values of �, starting from � = 1
2 (the symmetric graph can easily be drawn). The

threshold values and the �rst and second derivatives of the curves can be found by using the

conditions I solved above.

Consider the �rst family. As we have seen, when � goes to 1, three equilibria coexist, TML,

ASmin and TMH . The two �rst still exist for any value on the right of the corresponding curves.

TMH exists for any value in family 1. Interestingly, one �nds that (i) as long as � is not too

high, the model is robust to an increase in the search costs, as the equilibria coexist for lower

values of � (ii) when search costs are too high, a smaller number of equilibria coexist. The most

problematic is that, for high values of � and low values of �, the only equilibrium is tyranny of

the majority at high price, which totally ignores the buyers of the minority.

The second familiy is quite easier. Both pure strategy equilibria exist for any point on the

right of the line PS, while mixed strategy (one value of ) exist on the left of MS. On the left

of PS, any  is an equilibrium in mixed strategy.

4.2 A bigger �rm

Another re�nement that can be made to the model is to partially relax the assumption that no

seller has market power. If this market power is su¢ ciently high (or if � ! 1), this a¤ects a lot

our results. Indeed, lemma 2 and 3 do not hold anymore.
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α=(vr)/(Vr)

α=(vr)/V AS

TML

δ=0

α=1/2

α=1

δ=1

FAMILY 2

FAMILY 1

δ=r/(Vv+r) δ=2r/(2r+Vv)

PS MS

Figure 2: The full map of equilibria
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A quite straightforward intuition is that such a change brings us back to Bertrand compe-

tition and to diversity that corresponds to the composition of the buyers. But it is not that

simple. Consider the strategy of the �big�seller s. Assume this �rm holds a share of the market

� su¢ ciently high to have market power (to have the possibility to attract buyers). Denote

the price set by this seller by ps, and the price on the market by p. Let me �rst explain the

mechanism without product diversity, with surplus v and outside option r. Trivially p > v � r

is never an equilibrium as demand would be zero.

First de�ne what I mean by � su¢ ciently high

Condition 8 There exist a pair p; ps, with p 2 [0; v� r]; ps 2 [0; p] such that when seller s sets

its price to ps some buyers start searching for it

Hence, for any such p, there is an incentive for the �big�seller to lower its price.

Lemma 6 It is always a BR for a �small�seller to set a price p0 � ps such that for this p0 there

is no search.

This is the ´Bertrand�intuition. If the �big��rm lowers the price, all the other �rms have

to follow.

Lemma 7 For any p < v � r, there exist some ps > p such that buyers still accept the o¤er

Proof. The reasoning is exactly the same as in the case with a large number of �rms with

no market power. As long as � is not exactly 1, the big �rm can increase its pro�t by slightly

increasing the price.

This means the �Bertrand� intuition coexist with a �Diamond� intuition, as there is also a

pro�table deviation by increasing the price.

Lemma 8 ps = 0 is not a Nash Equilibrium

Proof. If ps = 0, the pro�t of the big �rm is 0. By lemma 7, it is a pro�table deviation for

the �big��rm to increase its price

Lemma 9 ps = v � r is not a Nash Equilibrium

Proof.
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� If ps = v � r, it is a BR for �small�sellers to set p = v � r

� If p = v � r, there is an incentive for the �big��rm to lower the price to a ps such that

buyers search for it (which exist by condition 8)

Corollary 1 There is no Nash Equilibrium

Hence, even with no product diversity, allowing for a bigger �rm in such a framework does

not allow anymore having stable outcomes.

Adding product diversity, the mechanism is similar.

� The big seller has an incentive to either lower the price or change of type to attract buyers.

� The ´small�sellers have an incentive to follow the big seller (and, in some sense, to free

ride on the network externality created)

� There is no stable outcome

Hence, allowing for a bigger seller changes the picture in the sense that it eliminates the

possibility of having stable equilibria. However, even if it does not allow reaching the Bertrand

outcome, it gives some intuition of why sellers should not be in favour of market concentration.

It generates instability, and adds a downward pressure on prices and pro�ts (the outcome is not

stable, but the expected pro�t is never higher than without market power). In the point of view

of the buyers, the result is quite di¤erent. The non existence of stable outcomes does not allow

us to draw any formal conclusion, but one can propose the simple conjecture that increased

competition due to the existence of some market power may increase their welfare.

5 Discussion

The results of my model relates with many features of the papers presented in the literature

review. Let me brie�y discuss what I consider to be the most striking links to be made.

First, the mechanisms that drive my results are close to the idea of [Diamond (1971)], applied

to the question of horizontal product diversity. The di¤erence holds in the fact that heterogeneity
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of preferences gives some market power back to the buyers, and therefore the paradox is less

important. In terms of the demand curve, one can say that with the notable exception of the

tyranny of the majority at low price, all the other equilibria relate to [Diamond (1971)] because

the pro�t of sellers is the monopoly one. However, when search occurs, monopoly power for the

seller can still allow some buyers to be better o¤ than in tyranny of the majority at low price,

which is another paradox.

As in [Perlo¤ and Salop (1985)] the existence of a mass point can increase the market power

of sellers. Indeed, the only case where sellers set the high price in equilibrium is when the

majority is very large. Similarly, one also needs strong intensity of preference to have this high

price. The intensity of preferences gives market power to the sellers in the sense that it allows

for specialization.

This paper also relates strongly to the results of [Dixit and Stiglitz (1977)]. The market

can provide �not enough� diversity in the case of tyranny of the majority at high price. In

[Dixit and Stiglitz (1977)] the result is driven by �xed costs. Here, the �xed cost is the �network

e¤ect�. A single seller cannot change the best response of the others.

In di¤erent ways, [Stahl (1982)] and [Dudey (1990)] have advocated that clustering, by re-

ducing search costs can increase competition. The same kind of e¤ect appears in this paper

while considering the case of tyranny of the majority at low price in the �rst family of equilibria.

Even if all sellers specialize in the same service, the price is on average lower than when there

is product diversity. However, there is still the possibility of tyranny of the majority at high

price, where competition does not occur and all sellers specialize in the buyers with the higher

demand.

One of the main results of [Anderson and Renault (1999)] is that price rises with search

cost. Here, we can say that prices do not decrease with search costs (but can remain the same).

Another of their results is that product diversity increases with search cost. Here, it is the case

only if the preferences are not too polarized (i.e. in the second family). Finally, the authors

argue that the most important market failure is to be noticed with low preference for variety

and high search costs. We recover this result concerning search costs, but the worse outcome,

tyranny of the majority at high price, can only be found if preferences are quite polarized, which

can be interpreted as a representative agent having taste for diversity.
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Clearly, this very simple model allows for many extensions.

A novelty of this paper is to present several of the mechanisms inducing the multiplicity of

equilibria in presence of search costs that are independent of the distance between the preferences

of the buyer and the type of the seller (as opposed to models on a line or a circle). Maybe the most

straightforward extension to be made is increasing the number of possibilities of diversi�cation

allowed in the setup. I have opted for a binary choice, but one can argue that �rms often face more

options. A �rst remark is that allowing for a larger choice implicitly means to choose between

unimodal or random preferences of buyers (the di¤erence between a spatial and a random choice

model). However, in both cases, one can expect (this is a conjecture) that the main mechanism,

the Diamond Paradox applied to product di¤erentiation, still holds in presence of more choice.

And therefore, one can expect the two main characteristics of my equilibria, the multiplicity and

the potential clustering, to hold.
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A Technical appendixes

A.1 Proof of lemma 3

Proof. PART 1: p > V � r is never a NE

(i) Consider a pair of i; j with i 6= j:For a �rm i setting price p, PCii is given by V � p � r,

, p � V � r and PCij is given by v � p � r , p � v � r

(ii) A seller always makes positive pro�t. Assume all �rms sell at price zero and make zero pro�t.

Slightly increasing the price is a pro�table deviation for a �rm of type i, as there exist p0 > 0

such that ICii is ful�lled, i.e. V � p0 � �V

(iii) As a corollary of (ii), it is never a best response for a �rm to have zero demand. Hence,

p > V � r is never a best response, because no buyer ever accept the o¤er

PART 2: v � r < p < V � r is never a NE.

Consider a �rm of type i. Denote the expected surplus proposed by a �rm of type i to a buyer

of type j. Sij . As p > v � r, PCij is not ful�lled. The �rm only consider buyers of type i, and

hence ful�lling ICii and PC
i
i . As p < V � r, PCii is already ful�lled

ICii is always ful�lled when the �rm sets a price p0 such that

Sii(p
0) � max(�Sii(p̂i); �S

j
i (p̂j))

(i) If max(� Sii(p̂i); � S
j
i (p̂j)) = � Sii(p̂i), there exist a price p

0 > p̂i sucht that ICii is ful�lled.

Indeed, Sii(p
0) � � Sii(p̂i) for some p

0 > p̂i. Hence, it is always a best response for a �rm to

increase the price as long as PCii is ful�lled

(ii) If max(� Sii(p̂i); � S
j
i (p̂j)) = � S

j
i (p̂j), then it is a BR for the �rm to change and sell type j
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at price p0 > pj . Indeed:

a) By ispro�t, in equilibrium, �i = �j .

b) As max(� Sii(p̂i); � S
j
i (p̂j)) = � S

j
i (p̂j), IC

j
j is ful�lled and as from PART 1 p < V � r

c) For the same reason, if there exist some �rm selling at price p̂i in equilibrium, they must have

non negative demand. Hence, ICii is ful�lled. Then, as S
i
i(p̂i) < S

j
i (p̂j), IC

j
i is also ful�lled, with

Sji (p̂j) >> max(� S
i
i(p̂i); � S

j
i (p̂j))

d) Hence, there exist some p0 > pj such that IC
j
i is still ful�lled.

PART 3: p < v � r is never a NE.

Here, for both �rms and both types, PC is ful�lled.

(i) If both types of buyers try to sell to both type of seller, it is a NE if and only if pro�t is the

same. As demand is 1 for any �rm, it is only possible if p is the same for any �rm. But, also,

ICij will be binding, i.e.

v � p = �[(v � p) + �(1� )(v � p):::]

v � p =
�(v � p)
1� �

And similarly, ICji

v � p = �(1� )(v � p)
1� �(1� )

This is only possible if  = 1
2 . But then, both equalities yield

(1� �)(v � p) = �(v � p)

(1� �) = �

1� �
2

=
�

2

� = 1

(ii) If a �rm is interested in only one type of seller, the reasoning becomes the same as in PART

2, there is always an incentive to increase the price.
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A.2 Proofs for section 3.1.1

Proposition 1

Proof. (i) It is not a best response for a seller to sell type 2 and set price v�r < p0 � V �r,

because the pro�t will be at most (1� �)(V � r) < �(V � r).

(ii) It is not a best response for a seller to sell type 2 and set price p0 � v � r. By lemma (2)

a seller can�t make people search for it. So, the pro�t will be at most v � r < �(V � r) (by

condition 1).

(iii) it is not a best response for a seller to sell type 1 at price p0 � v � r. Again, alone, a seller

can�t make people wait for it. So, the pro�t will be at most v � r < �(V � r) (by condition 1).

(iv) it is not a best response for a seller to sell type 1 at price v� r < p0 < V � r. By condition

2 this yields demand � and therefore pro�t strictly lower than �(V � r):

A.3 Proofs for section 3.1.2

Proposition 2

Proof. Pro�t at the equilibrium is �1 = v � r

(i) It is not a best response for a �rm to sell type 2 and set price p = v � r as it will loose

every buyers of type 1 (as from condition 2.c)

(ii) It is not a best response for a �rm to sell type 2 and set price p0 = V � r, because the

pro�t will be (1� �)(V � r) < v � r by condition 2.b.

(iii) It is not a best response for a �rm of type 1 to increase the price. Consider ~p, the

threshold price such that for any p00 > ~p buyers of type 1 start searching. There is no incentive

to set p > ~p as it leads to zero pro�t. Neither is it an incentive to set V �r < p < ~p: If ~p < V �r,

it is not a BR to set p000 < ~p as this yields pro�t �p000 < �~p. Therefore, we only consider an

increase of price to exactly ~p. De�ne ~p = v � r + ". Buyers of type 1 do not search as long as

V � (v � r + ") � �(V � (v � r)

, " = (1� �)(V � (v � r))

as condition is binding. Therefore, it is a best response for a �rm to increase the price i¤

�(v � r + ") � v � r

, � >
v � r

V � r � �(V � v) + (1� �)r
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Characterizing �:

Denote �� = v�r
V�r��(V�v)+(1��)r . When � = 0, �� = v�r

V . When � = 1, �� = 1. The

derivatives are given by:

d�

d�
=

(V � v + r)(v � r)
(V � r � �(V � v) + (1� �)r)2 > 0

d2�

d2�
=

2(V � v + r)2(v � r)(V � r � �(V � v) + (1� �)r)
(V � r � �(V � v) + (1� �)r)4 > 0

A.4 Proofs for section 3.1.3

Proof of lemma 4

Proof. A buyer waits if its expected surplus is higher than the reservation utility, i.e.

r < �[(1� )(V � v + r) + �[(1� )(V � v + r) + :::]]

, r < �(1� )
1X
i=0

i�i(V � v + r)

, r <
�(1� )
1� � (V � v + r)

this simpli�es to

V � v > r

1� 
1� �
�

Proof of lemma 5

Proof. The pro�t at the equilibrium is given by:

For a �rm of type 1:�1 = �(V � r)

For a �rm of type 2: �2 = �(v � r) + (1� �)(v � r) + (1� �)(v � r) + (1� �)2(v � r) + :::

one can rewrite �2 = �(v � r) + 1��
1� (v � r)

I want to �nd  such that �1 = �2. Write:

�(V � r) = �(v � r) + 1� �
1�  (v � r)

, (1� )�(V � v) = (1� �)(v � r)

, 1� � = 1� �
�

v � r
V � v
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Proof of proposition 3

Proof. (i) At isopro�t, consumers of type 2 actually search. By lemma 5, we know � =

1� 1��
�

v�r
V�v . By lemma 4, I want V � v >

r
1�

1��
� for buyers of type 2 to wait. Replacing  by

� yields 1��� > r
v�r

1��
� which corresponds to condition 3

(ii) At the equilibrium, it is not a best response to produce service 1 at price p01 � v � r. As

from lemma 2 this yields at most, pro�t �01 = v� r, which is lowering the pro�t by condition 1.

(iii) At the equilibrium, no one wants to produce service 2 at price v�r < p02 � V �r. Increasing

the price make lose for sure consumers of type 1, and yields at most pro�t �02 = (1� �)(V � r)

which is lower than �2 as I have assumed � � 1
2 .

(iv) At the equilibrium, it is not a best response to sell service 1 at price v � r < p01 < V � r.

As from lemma 2 this yields at most demand � and therefore lower pro�ts.

(v) It is not a best response to change of type. There is isopro�t at equilibrium and, for any

 > �the best response of any �rm is to supply good 2 (as �2 is an increasing function of ).

This also means the equilibrium is trembling hand perfect.

Characterizing �:

Denote �� = (v�r)�
(v�r)�+v(1��) . When � = 0, �

� = 0 (but, to have this equilibrium, we also need

condition 1 to be ful�lled) and when � = 1, �� = 1. The derivatives are given by:

d�

d�
=

(v � r)v
[(v � r)� + v(1� �)]2 > 0

d2�

d2�
=

2[(v � r)� + v(1� �)](v � r)vr
[(v � r)� + v(1� �)]4 > 0

Proof of proposition 4

Proof. (i) Selling service 1 at price p0 > V � r yields lower pro�t as, by de�nition buyers of

type 1 reject the o¤er and search

(ii) Selling service 1 at price p0 = V � r is not a best response as by condition 5 buyers of

type 1 reject the o¤er and search.

(iii) Selling service 1 at price v � r < p0 < V � r is not a best response, as by lemma 2 it

does not increase the demand, but, by lowering the price it lowers the pro�t

(iv) Selling service 1 at price p0 < v � r is not a best response as by lemma 2 it does not

increase the demand, but, by lowering the price it lowers the pro�t
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(v) Selling service 2 at price p0 < v�r is not a best response as by lemma 2 no one speci�cally

search for the �rm and therefore pro�t is at most v � r, which is lower than (1� �)(V � r) by

condition 4

(vi) Selling service 2 at pricev � r � p0 < V � r is not a best response as lemma 2

it does not increase the demand from buyers of type 2 and by condition 5 buyers of type 1

reject the o¤er and search.

(vii) Selling service 2 at price p0 > V � r yields lower pro�t as, by de�nition buyers of type

1 reject the o¤er and search

Proof that no other equilibria exist under condition 1

Proof. I want to show that the previous equilibria are the only existing one when condition

1 is true. Therefore, I still have to get rid of the following alternatives (given lemma 1, 2 and 3).

(1) All sellers sell service 2 at price p2 = V � r. Selling service 1 at price p1 = V � r is a

pro�table deviation as it yields pro�t �(V � r) > (1� �)(V � r), by � > 1
2

(2) All sellers sell service 2 at price p2 = v�r. Selling service 1 at price p1 = V �r is a pro�table

deviation as it yields pro�t �(V � r) > v � r, by condition 1

(4) A fraction  of sellers sell service 1 at price p1 = v � r while a fraction (1� ) sells service

2 at price p2 = v � r. (i) If buyers don�t search for the seller of their type then, by setting

p1 = V � r a seller of type 1 does not lose buyers of type 1 and therefore increases pro�t (ii)

If buyers do search then, a seller only serves buyers of its type, and there must exist a price

p0 > v � r such that buyers still accept the o¤er. Thus setting p0 is a pro�table deviation.

(5) A fraction  of sellers sell service 1 at price p1 = V � r while a fraction (1� ) sells service

2 at price p2 = V � r. As � � 1
2 one can never have isopro�t (lemma 1) when  6= 1.

(6) Given lemma 3, I have exhausted all the potential Nash Equilibria.

A.5 Proof of section 3.1.4: welfare analysis

Total surplus in the �tyranny of the majority�(high price) - TMH :

� Sellers: �(V � r)

� Buyers of type 1: r

� Buyers of type 2: r

38



� Total: �(V � r) + �r + (1� �)r = �V + (1� �)r

Total surplus in the �tyranny of the majority�(low price) - TML:

� Sellers: v � r

� Buyers of type 1: V � v + r

� Buyers of type 2: r

� Total: �(v � r) + �(V � v + r) + (1� �)r = �V + (1� �)v

Total surplus in the �asymmetric supply�(some surplus left to the minority) -

ASmin

� Sellers: �(V � r)

� Buyers of type 1: r

� Buyers of type 2: V � v+ r (this comes from (1� )(V � v+ r)
P1
i=0 

i�i = (1�)(V�v+r)
1�� ,

by assuming � ! 1

� Total: �(V � r) + �r + (1� �)(V � v + r) = V � (1� �)(v � r)

Total surplus in the �asymmetric supply�(some surplus left to the majority) -

ASmaj

� Sellers: (1� �)(V � r)

� Buyers of type 1: V � v + r (same reasoning as above)

� Buyers of type 2: r

� Total: (1� �)(V � r) + �(V � v + r) + (1� �)r = V � �(v � r)

The welfare maximizer when condition 3 is false.

It can easily be shown that the ordering of preferences is such that ASmin > ASmaj , as

� > 1
2 . It is a bit more di¢ cult to show that ASmaj > TMH . Here is the proof:

V � �(v � r) > �V + (1� �)r
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As � � 1, there must be that �(v � r) � (1� �)(V � v). Then it is enough to show that

V � (1� �)(V � v) > �V + (1� �)r

, (1� �)V > (1� �)V � (v � r)

Which is true as v > r.

A.6 Proof for section 3.2.1

Proof of proposition 5:

Proof. (i) buyers of type 1 buy without search (surplus V � v + r > r).
(ii) buyers of type 2 buy without search (surplus r)

(iii) it is not a BR to sell service 1 at price v � r < p01 � V � r. This decreases the pro�t to at

most �01 = �(V � r) [pro�t loss by the fact that condition 1 is false]

(iv) it is not a BR for a �rm to sell service 2 at price p2 � v � r. This yields at most pro�t

�2 = (1 � �)(v � r). Why ? Because consumers of type 1 wait to match a buyer of their type

(condition 6), while buyers of type 2 do not search for the �deviating��rm.

(v) it is not a BR for a �rm to sell service 2 at price v � r < p02 � V � r. This yields at most

pro�t �02 = (1� �)(V � r). This is smaller because condition 1 is false and � � 1
2

A.7 Proof for section 3.2.2

Proof of proposition 6:

Proof. (i) buyers of type 2 buy without search (surplus V � v + r > r).
(ii) buyers of type 1 buy without search (surplus r)

(iii) it is not a BR for a �rm to sell service 1 at price v � r < p0
1
< V � r. This decreases the

pro�t to at most �1 = �(V � r) [pro�t loss by the fact that condition 1 is false]

(iv) it is not a BR for a �rm to sell service 1 at price p01 � v � r. This yields pro�t at most

�01 = �(v � r). Why ? Because consumers of type 2 wait to match a buyer of their type

(condition 3), while buyers of type 1 do not search for the �deviating��rm.

(v) it is not a BR for a �rm to sell service 2 at price v � r < p02 � V � r. This yields pro�t

�02 = (1� �)(V � r). This is smaller because condition 1 is false and � � 1
2
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A.8 Proofs for section 3.2.3

Proof of proposition 7:

Proof. (i) Matched buyers buy without search (surplus V � v + r > r).
(ii) Mismatched buyers buy without search (condition 6 is false)

(iii) it is not a BR for a �rm to sell service 1 at price v � r < p01 � V � r. This decreases the

pro�t to at most �01 = �(V � r) [pro�t loss by the fact that condition 1 is false]

(iv) it is not a BR for a �rm to sell service 2 at price v � r < p02 � V � r. This yields at most

pro�t �02 = (1� �)(V � r). This is smaller because condition 1 is false and � � 1
2

(iv) Firms are indi¤erent between producing service 1 or service 2 at price p1 = p2 = v � r; as,

for any value of ;I have �1 = �2 = v � r, by (i) and (ii), which satisfy isopro�t.

Finding condition 7

We want to know the value of � such that some mixed pooling can happen. This corresponds

to having values of �; + such that � < +. Else, the set of mixed strategy is empty. One can

rewrite this as

V � v + r
V � v � r

�(V � v) � 1

2

V � v + r
V � v � �(V � v) + 2r

2�(V � v)
2�(V � v + r) � �(V � v) + 2r

� � 2r

2r + V � v

Proof of proposition 8:

Proof. (i) Matched buyers buy without search (surplus V � v + r > r).
(ii) Mismatched buyers buy without search as long as  2 [�; +] (condition 3b is false)

(iii) it is not a BR for a �rm to sell service 1 at price v � r < p01 � V � r. This decreases the

pro�t to at most �01 = �(V � r) [pro�t loss by the fact that condition 1 is false]

(iv) it is not a BR for a �rm to sell service 2 at price v � r < p02 � V � r. This yields at most

pro�t �02 = (1� �)(V � r). This is smaller because condition 1 is false and � � 1
2

(iv) Firms are indi¤erent between producing service 1 or service 2 at price p1 = p2 = v � r; as,

for any value of ;we have �1 = �2 = v � r, by (i) and (ii), which satisfy isopro�t.
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Figure 3: The intervals of 
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Proof that no other equilibria exist when condition 1 is false

Proof. I want to show that the previous equilibria are the only existing one when condition

1 is false. Therefore, I still have to get rid of the following alternatives (given lemma 1, 2 and

3).

(1) All sellers sell service 2 at price p2 = V � r. Selling service 1 at price p1 = V � r always

yields higher pro�t as from � � 1
2 .

Proof. (2) All sellers sell service 1 at price p1 = V � r. As condition 1 is false, reducing

price to p01 = v � r increases pro�t

(4) A fraction  of sellers sell service 1 at price p1 = V � r while a fraction (1� ) sells service

2 at price p2 = v � r. Sellers selling service 1 do not make buyers of type 1 to search (yields

surplus �r�). Then, pro�t is at most �(V � r) < v � r as condition 1 is false.

(5) A fraction  of sellers sell service 1 at price p1 = V � r while a fraction (1� ) sells service

2 at price p2 = V � r. Such a high price is never enough to attract new customers. Hence, as

� � 1
2 one can never have isopro�t (lemma 1).

(6) A fraction  of sellers produce service 1 at price p1 = v � r and a fraction of sellers 1 � 

produce service 2 at price p2 = V �r. This means sellers of type 2 make pro�t �2 = (1��)(V �r).

Then, if isopro�t is ful�lled, it is a BR for any seller to produce service 1 at price p1 = V � r

and get pro�t �1 = �(V � r) > �2
(7) Given lemma 3, I have exhausted all the potential Nash Equilibria.
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