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Abstract

Screening models are used to analyze contracting in many sub�elds of economics like regulation,

labor economics, monopoly pricing, taxation or �nance. Most models assume single crossing. This

simpli�es the analysis as local incentive compatibility is in this case su�cient for global incentive

compatibility. Araujo and Moreira (2010) characterize U-shaped solutions in a model without single

crossing. This paper complements their work by studying monotone solutions.

It is shown that local and non-local incentive constraints distort the solution in opposite di-

rections. Therefore, the optimal decision might involve distortions above as well as below �rst

best. Furthermore, the well known �no distortion at the top� property does not necessarily hold.
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1. Introduction

Adverse selection or screening models are one of the workhorse models of modern contract theory: Two

players (or more) interact and (at least) one of them has private information. This private information

can be the e�ciency of a �rm in models of regulation, the productivity of a worker in models of optimal

labor contracts as well as optimal taxation models, the risk of an accident in insurance models or the

willingness to pay for a product in models of monopoly pricing and auctions. The question is how an

optimal contract should be designed in light of asymmetric information. The solution is normally a

menu of alternatives and prices from which the informed player can choose. By its choice the informed

player reveals his information. However, this is not costless for the uniformed party: Typically, the

informed player will receive an informational rent which is higher the better his type, i.e. the more

e�cient/productive he is or the higher his willingness to pay.

Single crossing (also called the Spence-Mirrlees condition) has been a standard assumption in

adverse selection and hidden information models. Roughly speaking it says that types can be ranked

according to the marginal utility of the decision. For example, the more e�cient a �rm is, the lower

its marginal costs (for any quantity).

Single crossing helps to fully characterize the solution in models of one dimensional private in-

formation. In particular the single crossing assumption ensures that a locally incentive compatible

solution is also globally incentive compatible. This simpli�es the derivation of the optimal solution

substantially as it boils down to a standard optimal control problem with an additional monotonicity

constraint. If monotonicity is not satis�ed in the relaxed program, standard ironing procedures can be

used to derive the optimal solution (Fudenberg and Tirole (1991), Guesnerie and La�ont (1984)).

Although adverse selection models play an important role in many �elds of economics, e.g. reg-

ulation, insurance, �nance, labor contracts etc., the literature on violation of single crossing in these

models is surprisingly scarce. A notable exception is Araujo and Moreira (2010) which will be discussed

below in more detail. Smart (2000) discusses an insurance model where people di�er in risk and risk

aversion. In both dimensions the private information can take a high or low value; so there are four

types. The main result is that high risk/low risk aversion types can be bunched with low risk/high

risk aversion types if single crossing is violated. Netzer and Scheuer (2010) also use a model with two

dimensions in which the private information can take a high or low value. Their model is an insurance

model which includes a labor supply decision. The two dimensions are risk and productivity. Single

crossing can be violated as higher risk leads to a higher labor supply (self insurance). Their main result

is that the high/high type can be pooled with the low risk/high productivity type in equilibrium.

This paper analyzes a general model which is applicable in a number of economic environments.
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The model has a continuous one dimensional type space and is mainly borrowed from Araujo and

Moreira (2010). Their paper focuses exclusively on solutions where types are discretely pooled. This

paper's focus is on monotone solutions. The challenge in a monotone solution is to deal with non-locally

binding incentive constraints including types with di�erent decisions. Qualitative results include that

distortions due to locally binding incentive constraints work in the opposite direction compared with

distortions due to non-locally binding incentive constraints. Consequently, the solution can be partially

above and partially below �rst best. In particular the no distortion at the top result needs not to hold.

The paper is structured as follows. Section 2 introduces the model and describes the problems

arising from violations of single crossing. The following section introduces necessary condition for

types at which the incentive constraint binds non locally. Slightly more structure is put on the model

in section 3 which yields a su�cient condition for having a monotone solution. Section 5 characterizes

monotone solutions while section 6 gives su�cient conditions for continuity and a way to determine

such a continuous solution. The remaining sections extend and discuss the results. Most proofs and a

numerical example are relegated to the appendix.

2. Model

There is a one-dimensional decision in a principal agent relationship which is denoted by q ∈ R+.

Furthermore, there is a monetary transfer t ∈ R. The agents utility is π = t−c(q, θ) where θ ∈ [θ, θ̄] = Θ

is the type of the agent which is his private information. I assume cq > 0, cqq > 0, cθ < 0 and that all

types have the same outside option which is normalized to zero.1 The principal's utility is u(q, θ)− t

with uq > 0 and uqq ≤ 0. The principal has the prior distribution F (θ) with continuous density

f(θ) > 0 for all θ ∈ [θ, θ̄].

For example the principal could be the regulator of a natural monopolist. The regulator might

maximize expected consumer surplus q − p where q denotes quantity (or quality) of the good and p

is the price paid. The natural monopolist would have cost function c(q, θ) and maximize pro�ts. A

higher type would correspond to a more e�cient �rm in the sense that its costs are lower than the

costs of a lower type.

By the revelation principle, any general mechanism can also be implemented by a direct revelation

mechanism in which the agent truthfully reports his type. The task is to design a menu q(θ), imple-

mented by transfers t(θ), which is individually rational (ir) and incentive compatible (ic) for the agent

and maximizes the principal's objective under these two constraints.

1For single crossing with heterogenous participation constrains see Jullien (2000) or Nöldeke and Samuelson (2007).
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θ

cqθ > 0

cqθ < 0 s(θ)

q(θ)

Figure 1: inverse U-shape solution

Faced with a menu (q(θ), t(θ)), a type θ agent will maximize t(θ̂) − c(q(θ̂), θ) over his type an-

nouncement θ̂. If an implementable menu (q(θ), t(θ)) leads to pro�ts π(θ), the envelope theorem and

truthful revelation therefore require πθ(θ) = −cθ(q(θ), θ).

Incentive compatibility of a decision q(θ) requires in general for any θ, θ̂ ∈ Θ

Φ(θ, θ̂) ≡ π(θ)− π(θ̂)− c(q(θ̂), θ̂) + c(q(θ̂), θ) ≥ 0. (IC)

Using the envelope condition above this can be rewritten as∫ θ̂

θ
ct(q(t), t)− ct(q(θ̂), t) dt = −

∫ θ̂

θ

∫ q(θ̂)

q(t)
cqt(s, t) ds dt ≥ 0. (1)

Single crossing in this model is equivalent to cqθ(q, θ) not changing sign for any value of q and θ. But

then incentive compatibility in (1) boils down to a simple monotonicity condition on q(θ) (plus the

envelope condition). If however cqθ can change sign, this is no longer true. It remains true that q(θ)

has to be increasing (decreasing) at θ if cqθ(q(θ), θ) < (>)0 as otherwise types close enough to θ want

to misrepresent. But this no longer implies global incentive compatibility for arbitrary two types θ

and θ̂.

This paper focusses on a special violation of single crossing also used by Araujo and Moreira (2010):

It is assumed that cqθ changes sign only once for each θ; in particular that there is a strictly increasing

function s(θ) such that cqθ(s(θ), θ) = 0. The monotonicity of s(θ) results from assumptions on third

derivatives commonly made in the literature: I assume cqθθ > 0 and cqqθ < 0. These two assumptions

are normally made to ensure concavity of the objective function and monotonicity of the decision.

Araujo and Moreira (2010) �nd necessary conditions for the case where the solution is inversely

U-shaped, see �gure 2. The main issue here is that two distinct types face the same decision q(θ).
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Figure 2: monotone solution

To keep them from misrepresenting their transfer has to be equal but also cq(q, θ) has to be equal:

If we write T (q) = t(θ) where q = q(θ), the agent can be viewed as choosing q instead of his type

announcement θ in the problem

max
q

T (q)− c(q, θ)

By the �rst order condition of this problem T ′(q) = cq(q, θ). Therefore, two types with the same

decision q have to face the same marginal costs cq(q(θ), θ). From this necessary condition Araujo

and Moreira (2010) derive through variational calculus an additional necessary condition for discretely

bunched types.

These two conditions will be extended to problems where the incentive constraint binds for types

with di�erent decisions q. Then the main focus will be on the case where the optimal decision is

monotone.

Although cqθ(q(θ), θ) < 0 for all θ, the violation of single crossing still plays a role in monotone

solutions. From equation (1) one can see that ic is equivalent to having the shaded area in �gure 2

negative where this area is weighted by cqθ. Hence the part where cqθ > 0 plays a role though the

solution does not pass it. The intuition is the following: Under single crossing a higher type has lower

marginal costs than a lower type. To prevent misrepresentation of the higher type, the decision of the

lower type is distorted downwards. Because the higher type has lower marginal costs this downward

distortion will reduce the higher type's rent. Due to the violation of single crossing, however, the higher

type can have higher marginal costs than the lower at the lower types decision. In this case upward

distortion of the lower type's decision will reduce the high type's rent. Put di�erently, screening types

locally in the most e�cient way distorts decisions downwards but this might make it harder to screen
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types non-locally.

One time violations of single crossing as described above occur naturally in all kind of economic

settings. To illustrate the applicability of the model I present a few examples.

Example 1: Take a setting where a �rm or government has to contract with the provider of

a good (input or public good/infrastructure etc.). If the principal is a government this setting is

mathematically equivalent to incentive regulation (compare for example La�ont and Tirole (1993)).

Assume now that production uses variable production factors in �xed proportions. Costs of these

factors can be proportional to output, e.g. energy costs and unquali�ed labor, while other factors

increase costs convexly in quantity, e.g. machine utilization and quali�ed labor. Type indexes the

possible production technologies and denotes which of these two groups of factors is used more e�ciently

by the �rm. A cost function representing this setting could be

c(q, θ) = θq +
q2

θ
+ γ(θ)

where γ(θ) are (possibly type dependent) �xed costs. The cross partial derivative cqθ(q, θ) = 1−2q/θ2

can obviously change sign and single crossing is violated. The idea is simple: For low quantities the

linear part of the cost function dominates marginal costs and therefore high types have higher marginal

costs. For high quantities the convex part of the cost function is more relevant and therefore high types

have lower marginal costs.

In practice type could represent whether a �rm uses a labor intensive or capital intensive production

technology. A labor intensive production technology requires especially unquali�ed labor which can be

hired at a constant market wage (linear part). A capital intensive technology requires less but more

quali�ed employees. Finding them is increasingly di�cult and results therefore in convexly increasing

costs.

A second interpretation of the cost function above could apply in the case of environmental regula-

tion. Let the principal be a government designing a subsidy scheme to reduce emissions. The decision

q is the amount of emission reduction. Reducing emissions can be achieved by lowering the content

of a dirty input in favor of a more expensive clean input. This is a linear cost. Alternatively, the

emission reduction can be obtained by �ltering. The more the �rm wants to �lter, the better and more

expensive �lter it needs. This is the convex part of the cost function. The government does not know

the �rm's production technology which is its type θ. Depending on the production technology, it is

easier for the �rm to �lter or to substitute inputs.

Example 2: Take again a setting where a principal has to contract with the provider of a good.

The �rm produces the product using two production factors of which one is �xed while the other is

variable, e.g. capital and labor. Type denotes the �rm's production technology. High types correspond
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to a high productivity of labor but little production from capital alone. To be more precise assume

the following production function

q =
√
Lθ +

K

θ

where L is labor above some minimum baseline workforce and K/θ is the production level that can be

achieved using the baseline workforce. Labor can be hired at market wage w. Fixed costs of capital

and the baseline workforce are C − γ(θ): Lower types could have more productive capital assets which

are more expensive. Simplifying notation by setting C = 0 and w = 1 leads to the following cost

function:

c(q, θ) =
q2θ2 − 2Kqθ +K2

θ4
− γ(θ)

The cross partial derivative cqθ(q, θ) = θ−3(−4q + 6K/θ). This expression can change sign and if K is

relatively small compared to qθ, the assumptions on third derivatives are satis�ed as well.

The intuition is simple: For low quantities one does not need additional labor and therefore the

high productivity of labor does not matter. For high quantities �rms of all types have to hire additional

workers and the labor productivity advantage of higher types is relevant.

Example 3: The third example is in the context of compensation of managers/workers.2 The

principal is the owner of a �rm and the agent a manager/worker the �rm wants to hire. For the quality

of the manager/worker talent and e�ort are relevant, e.g. talent is what the manager produces in a

regular working time like the 40 hours week and e�ort is the additional time he is willing to invest.

Assume the manager/worker creates value q = eθ+T where T is his talent, e is the unobservable e�ort

and θ is his type. Type can be interpreted as productivity. The owner of the �rm observes a public

signal, e.g. education, which is a mix of talent and productivity. To be precise assume that this signal

is σ = θ ∗ T . Given this signal, a more productive manager will have lower talent and vice versa. The

production function of the manager for a given signal is q = eθ + σ/θ. If costs of e�ort are e2, then

the same cost function c(q, θ) as in example 2 emerges (with e instead of L and σ instead of K and

γ(θ) = 0).

The intuition is that a low type can produce a low output q without much e�ort just by his ability.

Hence, his marginal costs of e�ort (and therefore of q) are low. A high type already has to exert some

e�ort to reach the same output level and therefore his marginal costs of e�ort (and q) are higher. For

high output where e�ort of both types is substantial, higher types have lower marginal costs since they

are more productive.

2A similar example can be found in Araujo and Moreira (2010).
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3. Necessary conditions

Suppose a decision schedule q(θ) is optimal and transfers are determined such that πθ(θ) = −cθ(q(θ), θ).

Furthermore, suppose that IC is binding for two types θ and θ̂, i.e. Φ(θ, θ̂) = 0. As q(θ) is ic, we must

have that (θ, θ̂) ∈ argmin(s,t)Φ(s, t).

Given that π(·) and c(·) are di�erentiable3 the �rst order condition with respect to θ has to hold:

∂Φ(θ, θ̂)

∂θ
= −cθ(q(θ), θ) + cθ(q(θ̂), θ) ≤ 0 with �=� if θ < θ̄ (C1)

If q(θ) = q(θ̂), like in Araujo and Moreira (2010), this condition is automatically satis�ed.

In the same way the �rst order condition for θ̂ is derived:

∂Φ(θ, θ̂)

∂θ̂
= qθ(θ̂)

(
−cq(q(θ̂), θ̂) + cq(q(θ̂), θ)

)
≥ 0 with �=� if θ̂ > θ (C2)

This condition deserves a caveat: Seemingly, it holds only if the optimal decision q(·) is continuous and

di�erentiable at θ̂. But in this case it is an extension of the �critical U-shape condition� from Araujo

and Moreira (2010).

The interpretation of these two conditions is straightforward. Recall that πθ(θ) = −cθ(q(θ), θ) while

cθ(q(θ̂), θ) is how pro�ts of misrepresenting as θ̂ change in the misrepresenting type θ. Then condition

(C1) says that pro�ts π(θ) should change in type in the same way as misrepresentation-pro�ts change

in type. Graphically, it is worthwhile to rewrite (C1) as∫ q(θ)

q(θ̂)
cqθ(q, θ) dq = 0

which means that the right hand side boundary of the shaded area in �gure 2 is zero when weighted

with cqθ.

The second condition simply says that either θ̂ is bunched with other types or also the weighted

lower boundary of the shaded area in �gure 2 is zero, i.e.∫ θ

θ̂
cqt(q(θ̂), t) dt = 0.

From the graphical analysis, it is less the di�erentiability of q(·) but more the continuity of q(·) that

appears to be crucial.

The intuition is the same as mentioned above: If we rewrite the problem such that each type

chooses q facing a transfer schedule T (q), it has to hold that T ′(q(θ)) = cq(q(θ), θ). If condition (C2)

did not hold, then T ′(q(θ̂)) 6= cq(q(θ̂), θ). But then type θ would better misrepresent not as θ̂ but as

3The di�erentiability of π(·) follows from �rst order incentive compatibility, i.e. the condition that πθ(θ) = cθ(q(θ), θ).
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another type θ̂′. If types around θ̂ are bunched, T (q) will be kinked at q(θ̂). But this makes clear that

even if qθ(θ̂) = 0 there will be one type θ̂ such that cq(q(θ̂), θ̂) = cq(q(θ̂), θ).

Given C1 and C2, one can use variational calculus to derive a third necessary condition for types

at which the incentive constraint binds. To do so perturb the optimal decision around θ and θ̂ such

that the two necessary conditions are still satis�ed. Then set the derivative of the principal's virtual

valuation with respect to the perturbation parameter equal to zero. The method di�ers only slightly

from the one used in Araujo and Moreira (2010) for discretely pooled types and therefore the steps are

relegated to appendix A. The following variational condition results:

[uq(q(θ), θ)− cq(q(θ), θ)]f(θ)

cqθ(q(θ), θ)
+ 1− F (θ) =

[uq(q(θ̂), θ̂)− cq(q(θ̂), θ̂)]f(θ̂)

cqθ(q(θ̂), θ̂)
+ 1− F (θ̂) (C3)

The interpretation of this condition will become clear later on.

4. First best and additional assumptions

Irregularities in the solution of screening problems with single crossing are often solved by bunching of

types. For example, it is well known that irregular distributions F (θ) can lead to a binding monotonicity

constraint, i.e. bunching (Guesnerie and La�ont (1984)). To isolate the e�ect of a violation of single

crossing, it is therefore useful to rule out other reasons for irregularities in the solution like bunching.

The following standard assumption is�together with the assumptions on the third derivatives of c(q, θ)�

su�cient to rule out bunching in models with single crossing.

Assumption 1. The distribution F (θ) satis�es the monotone hazard property, i.e. f(θ)/(1−F (θ)) is

non-decreasing in θ.

In the extensions section it will be shown that the proposed solution also holds if the monotone

hazard rate assumption is not satis�ed. However, it eases the exposition and helps to focus on the

violation of single crossing.

The �rst best solution is de�ned as the solution to

max
q(θ)

u(q(θ), θ)− c(q(θ), θ)

which would be the solution if the principal observed the agent's type. The remainder of the paper

focuses on the special case where the �rst best solution qfb(θ) satis�es the following assumption.

Assumption 2. Under the �rst best solution qfb(θ) it holds that cqθ(q
fb(θ), θ) < 0 and qfb(θ) is

monotonically increasing.
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The monotonicity is already implied by cqθ < 0 if uqθ ≥ 0. The assumption simply states that

qfb(θ) > s(θ).

To simplify the analysis as well as the notation, I will make the additional technical assumption

that u(q, θ) does not depend on θ. Hence, I assume u(q, θ) = S(q) where Sq(q) > 0 and Sqq(q) ≤ 0.

This assumption says that the principal cares only about the decision q and not about who carries

this decision out. His valuation is increasing and concave in the decision q. In applications where θ

denotes only the cost e�ciency of the agent this is a very natural assumption, e.g. a regulator cares

about the output and the price but not directly about the e�ciency level of the �rm. A manager cares

about how much a worker produces for a given wage but not directly about how much e�ort or time

the worker needs to produce the output. However, I will return to the common value case where the

principal's payo� depends directly on type later on. It will become clear that the main results also

apply in this case.

As a reference point it is useful to look at the relaxed program. This is the program taking only

local incentive compatibility into account.4∫ θ̄

θ
{S(q(θ))− c(q(θ), θ)− π(θ)}f(θ) + λ(θ)(πθ(θ) + cθ(q(θ), θ)) dθ (RP)

This leads to the optimality conditions:

0 = Sq(q(θ))− cq(q(θ), θ) +
λ(θ)

f(θ)
cθq(q(θ), θ) (2)

λθ(θ) = −f(θ)

0 = π(θ) = λ(θ̄)

Call the solution to the relaxed program qr(θ).

Lemma 1. The relaxed solution enforces quality levels between s(θ) and qfb(θ), i.e. qfb(θ) ≥ qr(θ) >

s(θ), and is strictly increasing in type, i.e. qrθ(θ) > 0.

Proof. see appendix

The last lemma is the main reason for assumption 2. It is easy to proof that an inversely U-shaped

�rst best would lead to an inversely U-shaped relaxed solution. Therefore an alternative (equivalent)

assumption would have been to assume a monotone relaxed solution.5 That there is a relation between

the shape of the relaxed solution and the shape of the optimal decision can be seen from the following

lemma.

4The monotone hazard rate as well as the assumptions on the third derivatives of c(q, θ) ensure that the monotonicity

constraint is not binding. Therefore, it can be neglected.
5Assuming an inversely U-shaped relaxed solution is the path taken by Araujo and Moreira (2010).
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Lemma 2. The assumption qfb(θ) > s(θ) implies q(θ) > s(θ). Furthermore, q(θ) cannot continuously

cross s(θ) under assumption 2.

Proof. see appendix

Note that the �rst best decision is increasing at types where cqθ(q
fb(θ), θ) < 0 and decreasing

at types with cqθ(q
fb(θ), θ) > 0. Hence, there are only three possibilities for the shape of qfb(θ).

First, monotonically increasing, i.e. assumption 2 is satis�ed. Second, inversely U-shaped and third

monotonically decreasing. The third case is uninteresting as the relaxed solution, which is between

�rst best and s(θ), is implementable. This observation leads to the following corollary.

Corollary 1. If there is �no distortion at the top�, i.e. q(θ̄) = qfb(θ̄), a monotonically increasing

solution can only emerge if assumption 2 holds. Also an inverse U-shape solution can only emerge if

qfb(θ) is inversely U-shaped.

The �no distortion at the top� property is a normal property of screening solutions. In light of

the previous corollary assumption 2 seems to be necessary for a monotone solution. However, it will

be shown later that �no distortion at the top� can possibly fail due to the violation of single crossing.

Nevertheless, cost functions satisfying assumption 2 are the natural starting point when looking for

monotone solutions.

Appendix C establishes that assumption 2 is su�cient for a monotone solution if an additional

technical condition is met (see lemma 15). The technical condition says roughly the following: Take

a decision q below s(θ) and consider mirroring this decision in two ways: First, mirror it along s(θ)

such that
∫ qs
q cqθ dq = 0 where qs is the mirror image. Second, mirror q along the �rst best decision

qfb such that S(q, θ)− c(q, θ) is the same for q and its mirror image qv. The condition says that qv is

not lower than qs. Since qfb(θ) > s(θ) by assumption 2, this condition is automatically satis�ed for q

slightly below s(θ). Under this condition it is also easy to show the existence of a monotone solution

(see appendix C).

5. Monotone solution

The remainder of the paper deals explicitly with the characterization of monotone solutions. The

existence of such a solution is shown in appendix C. It turns out that these solutions exhibit a certain

structure which can be exploited.

Lemma 3. If q(θ) ≥ s(θ) and qθ(θ) ≥ 0, as for example in q(θ) = qr(θ), no type wants to (non-locally)

misrepresent upwards.
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cqθ > 0

cqθ < 0
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q(θ)

Figure 3: No type wants to misrepresent upwards

Proof. Take θ̂ > θ. Incentive compatibility requires

Φ(θ, θ̂) ≡ π(θ)− π(θ̂)− c(q(θ̂), θ̂) + c(q(θ̂), θ) ≥ 0 (3)

This can be rewritten as∫ θ̂

θ
ct(q(t), t)− ct(q(θ̂), t) dt = −

∫ θ̂

θ

∫ q(θ̂)

q(t)
cqt(s, t) ds dt ≥ 0

But the last inequality holds automatically since q(θ) ≥ s(θ) and qθ(θ) ≥ 0. This implies together

with cqθθ > 0 and cqqθ < 0 that the integrand is non-positive for all (s, t) in question. Figure 5 is a

graphical representation of this fact.

The slope of the optimal decision is�due to local incentive compatibility�non-negative whenever

q(θ) > s(θ) and non-positive q(θ) < s(θ). From lemma 3, the incentive constraint can only bind

downwards if the decision is monotone. The intuition is the same as in models with single crossing. A

higher decision increases the costs for higher types less than for lower types. For a low type this holds

true for all decisions above his own. Therefore, local incentive compatibility of higher types implies

that low types do not want to misrepresent upwards non-locally.

The following lemma puts more structure on the ways ic can bind. It states that binding non-local

incentive constraints cannot overlap.

Lemma 4. Assume the solution is monotone. If the non-local incentive constraint binds from θ to θ̂,

it cannot bind for any θ′ ∈ [θ̂, θ) and θ̂′ 6∈ [θ̂, θ). Neither can it bind for any θ̂′′ ∈ (θ̂, θ] and θ′′ 6∈ (θ̂, θ).

(assuming that not all relevant types are bunched on the same quality level)

Proof. Take to the contrary θ1 > θ2 ≥ θ3 > θ4 with Φ(θ1, θ3) = 0 and Φ(θ2, θ4) = 0. Then the
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cqθ < 0
s(θ)

q(θ)

θ4 θ3 θ2 θ1

Figure 4: No overlap in binding incentive constraints

incentive constraint between θ1 and θ4 will be violated, i.e. Φ(θ1, θ4) < 0:

Φ(θ1, θ4) = −
∫ θ1

θ4

∫ q(t)

q(θ4)
cqt(s, t) ds dt

= −
∫ θ2

θ4

∫ q(t)

q(θ4)
cqt(s, t) ds dt−

∫ θ1

θ2

∫ q(θ3)

q(θ4)
cqt(s, t) ds dt−

∫ θ1

θ2

∫ q(t)

q(θ3)
cqt(s, t) ds dt

= −
∫ θ2

θ4

∫ q(t)

q(θ4)
cqt(s, t) ds dt−

∫ θ1

θ2

∫ q(θ3)

q(θ4)
cqt(s, t) ds dt

+

∫ θ2

θ3

∫ q(t)

q(θ3)
cqt(s, t) ds dt−

∫ θ1

θ3

∫ q(t)

q(θ3)
cqt(s, t) ds dt

= −Φ(θ2, θ3)−
∫ θ1

θ2

∫ q(θ3)

q(θ4)
cqt(s, t) ds dt < 0

The �rst and second equality are simple splitting up the integral steps (and can readily be seen in

�gure 5), the third uses the fact that Φ(θ1, θ3) = Φ(θ2, θ4) = 0 and the last inequality follows from

the incentive compatibility between θ2 and θ3 as well as the following idea: By the binding constraint

between θ2 and θ4 and the fact that θ2 is interior,
∫ q(θ2)
q(θ4) csθ(s, θ2) ds = 0 holds by C1. By the

monotonicity of q(·), q(θ3) ≤ q(θ2) and therefore
∫ q(θ3)
q(θ4) csθ(s, θ2) ds ≥ 0 (see �gure 5). The inequality

above then follows from cqθθ ≥ 0.

As a special case, i.e. with θ2 = θ3, the preceding lemma includes the following: If θ is indi�erent

between his and θ̂'s contract, i.e. Φ(θ, θ̂) = 0, then no other type θ′ is indi�erent between his contract

and θ's contract, i.e. Φ(θ′, θ) > 0 for all θ′ ∈ Θ \ θ. Or put di�erently, incentive compatibility can bind

non-locally from a type or to a type but not both.

If the solution is monotone, non-local incentive compatibility might require �distortions� that are

unusual: If the relaxed solution is not incentive compatible, some types θ want to misrepresent as types
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θ̂ where θ̂ have lower marginal costs for q(θ̂), see �gure 2. Therefore q has to be higher than in the

relaxed solution to relax incentive compatibility. This counteracts the distortion from local incentive

compatibility and brings q closer to the �rst best decision in comparison with qr(θ). In principle the

optimal decision could even be distorted above �rst best.

Proposition 1. If the optimal decision is monotone, it will be above the relaxed solution, i.e. if

qθ(θ) ≥ 0 then q(θ) ≥ qr(θ).

Proof. see appendix

The previous proposition highlights how violations of non-local ic are dealt with under monotone

solutions. This can also be illustrated with �gure 2. Incentive compatibility is violated if the grey area

weighted by cqθ is positive. To satisfy incentive compatibility one can raise q for all types between θ̂

and θ. The additional grey area features cqθ < 0 and therefore the incentive problem is mitigated.

One noteworthy point is that the incentive constraint is mainly relaxed by increasing q for types

at which the incentive constraint is non-binding; i.e. if ic is binding from θ to θ̂ it is less q(θ) and

q(θ̂) that has to be increased but q for the types between θ̂ and θ. Such an increase will raise the

slope of the pro�t function π(·). Hence, θ has higher pro�ts at his assigned menu point which relaxes

the non-local incentive constraint. Obviously, the slope of π(θ) at the type from which the incentive

constraint binds is irrelevant for his pro�ts. Therefore, nothing is gained by distorting his decision.

The following lemma says that the decision for the highest type from which ic binds is normally his

relaxed decision.

Lemma 5. In a monotone solution the decision of the highest type θ from which the incentive constraint

is non-locally binding is his relaxed decision qr(θ) if this type is interior. Also the lowest type to

which the incentive constraint is non-locally binding is assigned his relaxed decision qr(θ) if this type is

interior.

Proof. see appendix

Corollary 2. All types above the highest type from which ic binds and all types below the lowest type

to which ic binds are assigned the relaxed solution qr(θ).

The corollary follows from the concavity of the virtual valuation and the fact that non-local ic is not

binding for these types. Clearly, their decision does not in�uence incentive compatibility of types where

non-local ic is binding. Monotonicity and therefore local incentive compatibility is by proposition 1

and lemma 1 satis�ed under qr(θ).

Especially the graphical argument raises the question for which types the decision is raised. Graph-

ically it seems most sensible to increase the decision for all types between θ̂ and θ. To focus on relevant

14



cases I will assume that qr(θ) is not implementable. Otherwise, qr(θ) is obviously the solution although

non-local ic could `accidentally' seem to be binding for some types, i.e. Φ(θ, θ̂) = 0 for some types. I

will ignore these seemingly binding cases as they do not pose any di�culties for obtaining a solution.

Lemma 6. If the incentive constraint is binding non-locally from θ′ to θ̂′ in a monotone solution, then

the optimal decision q(θ) is strictly above the relaxed decision qr(θ) for all types in the interval (θ̂′, θ′).

Proof. see appendix

The intuition for the last lemma is fairly simple. The virtual valuation is concave and maximized at

the relaxed solution qr(θ). Hence the principal's payo� is a�ected only little if the decision is increased

slightly above the relaxed decision but very heavily if it is distorted a lot above the relaxed decision. If

only some types between θ̂′ and θ′ were distorted away from their relaxed decision, it would be better

to reduce their decision and increase the decision of the other types.

After determining that the optimal decision is above the relaxed decision for the �types in the

middle�, it is natural to ask by how much. Intuitively these types have higher decisions to relax the

binding incentive constraint between θ̂′ and θ′. Since this constraint is an integral over cqθ, the bene�t

of increasing the decision by one marginal unit is ηcqθ(q(θ), θ) where η denotes the shadow value of

relaxing the constraint from all θ′ > θ to all θ̂′ < θ. By construction, this shadow value should be the

same for two types if the non-local incentive constraint is not binding to or from any type between

them. The following proposition says that marginal costs and marginal bene�ts of increasing the

decision above qr(θ) have to be equal.

Proposition 2. Take an interval (θ̂′, θ′) such that non local incentive constraints are not binding to or

from any type in this interval. Assume further that the optimal decision is strictly increasing in type

on (θ̂′, θ′). Then all types θ ∈ (θ̂′, θ′) satisfy

(Sq(q(θ))− cq(q(θ), θ))f(θ) + (1− F (θ))cqθ(q(θ), θ) = ηcqθ(q(θ), θ) (4)

where η > 0 is the same real number for all those types.

Proof. Note that even if the lemma was not true one could de�ne a function η(θ) by rearranging

(4). What one has to show is that this function is constant on an interval of types on which non

local incentive constraints are lax. Suppose to the contrary that η(θ) is not constant. In particular

suppose η(θ) was increasing almost everywhere on some interval [θ1, θ3] where non-local ic is lax for

all θ ∈ [θ1, θ3]. Denote by θ2 the midpoint of the interval, i.e. θ2 = (θ1 + θ3)/2. For each θ ∈ [θ2, θ3]

de�ne a corresponding type θ′ ∈ [θ1, θ2] by θ′ = θ2 − (θ − θ2).

Now consider a changed decision qc(·) such that (i) qc(θ) > q(θ) on [θ1, θ2), (ii) qc(θ) ≤ q(θ) on

[θ2, θ3], (iii) for corresponding types θ and θ′ it holds that
∫ qc(θ′)
q(θ′) cqθ(q, θ

′) dq = −
∫ qc(θ)
q(θ) cqθ(q, θ) dq
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and (iv) qcθ(θ) ≥ 0 on [θ1, θ3]. For marginal changes in q (iii) can be written as δ(θ′)cqθ(q(θ
′), θ′) =

−δ(θ)cqθ(q(θ), θ) where δ(θ) = qc(θ) − q(θ). This in turn can be written as δ(θ′) = −δ(θ)k(θ) where

k(θ) is de�ned as
cqθ(q(θ),θ)

cqθ(q(θ′(θ)),θ′(θ)) .

Before proceeding let me show that a function qc(θ) satisfying (i)-(iv) exists. Note that k(θ2) = 1

and that�due to the di�erentiability and continuity assumptions on c(·)�the function k(θ) is continu-

ously di�erentiable. First, consider the case where kθ(θ2) < 0. Then it is feasible to set qc(θ) = q(θ2)

for types θ ∈ [θ2, θ2 + ε] for some ε > 0. Feasibility means that determining q(θ′) by δ(θ′) = −δ(θ)k(θ)

will satisfy all conditions especially (iv). Now simply set θ1 = θ2 − ε and θ3 = θ2 + ε. Feasibility of

qc(θ) = q(θ2) for θ ∈ [θ2, θ2 + ε] and monotonicity of q(θ) imply that qc∗ = αqc(θ) + (1−α)q(θ) is also

feasible. The e�ect of a marginal change of q is the e�ect changing q(·) to qc∗(·) as α → 0. Second,

consider kθ(θ2) > 0. With the same argument it is feasible to bunch types θ ∈ [θ2− ε, θ2] on q(θ2) and

the remaining argument goes through analogously. Obviously, the third case kθ(θ2) = 0 is analogous

to either the �rst or the second case (depending on the second derivative).

The e�ect of a marginal change on the principal's objective is∫ θ3

θ1

{(Sq(q(θ))− cq(q(θ), θ))f(θ) + (1− F (θ))cqθ(q(θ), θ)} δ(θ) dθ

=

∫ θ3

θ1

η(θ)cqθ(q(θ), θ)δ(θ) dθ =

∫ θ3

θ2

δ(θ)cqθ(q(θ), θ)[η(θ)− η(θ′(θ))] > 0

where the last inequality follows from δ(θ) ≤ 0 for θ ∈ [θ2, θ3] and ηθ(θ) > 0. Hence, the principal's

objective increases. Due to (iii) incentive compatibility is still satis�ed. This contradicts the optimality

of q(θ).

A similar argument can be made when η(θ) is decreasing almost everywhere on some interval [θ1, θ3]

where non-local ic is lax. The only di�erence is that (i) and (ii) are substituted by (i) qc(θ) < q(θ) on

[θ1, θ2), (ii) qc(θ) ≥ q(θ) on [θ2, θ3]. The argument for existence is then that for kθ(θ2) < 0 one can

choose a θ2 + ε such that setting qc(θ) = q(θ2 + ε) for all θ ∈ [θ2, θ2 + ε] is feasible. Everything else

goes through accordingly.

Hence, η(θ) is constant almost everywhere on (θ̂′, θ′). Note that η(θ) cannot jump at isolated points:

This would, by (4) and the continuity of the derivatives of c(·), lead to a q(θ) being discontinuous at

isolated points. Such a discontinuity, however, violates local incentive compatibility. Consequently,

η(θ) is constant everywhere on (θ̂′, θ′).

As a special case of the preceding proposition one can take those types in the middle such that all

non-locally binding incentive constraints bind over them: Take (θ′, θ̂′) as the closest pair where the

incentive constraint binds non-locally, i.e. θ′ − θ̂′ minimal of all pairs where non-local ic binds. Note

that by q(θ) ≥ qr(θ) > s(θ) such a pair exists. Together with lemma 5 an interesting result emerges:
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Non-local incentive compatibility cannot only be binding from exactly one interior type to one other

interior type. If it was the case, these two types would have their relaxed solution. If now all �types in

the middle� had some η > 0, there would be discontinuous downward jump in the decision at θ′ which

would violate local incentive compatibility. Hence, the optimal solution will have intervals of types

from or to which non-local incentive constraints bind (or the constraints are binding at the boundaries

θ̄ and θ). The following lemma extends and formalizes this idea.

Lemma 7. If the optimal solution is monotone and non-local incentive constraints bind only from

a �nite number of interior types to a �nite number of interior types, then the relaxed solution is

implementable and therefore optimal.

Proof. see appendix

The just introduced η can also be calculated for types where the constraint binds. For those types

de�ne

η(θ) =
[Sq(q(θ))− cq(q(θ), θ)]f(θ)− (1− F (θ))cqθ(q(θ), θ)

cqθ(q(θ), θ)
. (5)

If the incentive compatibility constraint binds from θ to θ̂, then C3 implies that η(θ) = η(θ̂).

As pointed out earlier, η(θ) can be seen as a kind of shadow value of the constraint. More precisely,

η(θ) is the shadow value of relaxing the incentive constraints from all types above θ to all types below

θ. Hence, the more non-local incentive constraints are binding over a type θ, the higher should be his

η(θ). This interpretation together with the no-overlap property (lemma 4) and the fact that ic is only

downward binding (lemma 3) gives the shape of η(θ): First it has to increase (at those types to which

ic is non-locally binding), then η(θ) will be constant for the `types in the middle' (at which non-local

ic does not bind) and last η(θ) will decrease again (for those types from which ic is binding). At the

boundaries, i.e. below the lowest θ̂ to which ic binds and above the highest θ from which ic binds, η(·)

will be zero. The following proposition formalizes this intuition.

Proposition 3. Assume that q(θ) is strictly increasing. The function η(θ) as de�ned by equation (5)

is increasing for all θ̂ such that the non-local incentive constraints binds to θ̂ and decreasing for all θ

such that the non-local incentive constraint binds from θ.

Proof. see appendix

After determining the monotonicity properties of η(θ) the following lemma focusses on continuity.

As η(θ) is constant at types where non local incentive constraints do not bind, it is also continuous

there. If the incentive constraint binds from θ′ to θ̂′ both types have the same η(θ). Intuitively,

discontinuities in η(θ) will cause discontinuities in q(θ) at both types θ′ and θ̂′. But downward jumps
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in q(θ) violate local incentive compatibility. Therefore, η(θ) should normally be continuous. The

following lemma formalizes this intuition.

Lemma 8. In a monotone solution q(θ) and η(θ) are continuous at every type θ̂ to which non-local

incentive constraints bind. If q(θ) ≤ qfb(θ), then the optimal decision and η(θ) are also continuous at

all other types.

Proof. see appendix

Equation (5) together with the characterization of the shape of η(θ) described in the previous

lemma and proposition has a �rst order character. Indeed the solution is in some sense characterized

already by the necessary conditions: If the non-local incentive constraint binds from a type θ, the

necessary conditions C2, C1 and C3 determine q(θ), θ̂ and q(θ̂). Where non-local incentive constraints

do not bind equation (4) gives q(θ) (here η is given by the closest type to which non-local ic binds

as η(θ) is constant). Since it is not straightforward that the solution to these necessary conditions is

unique, the standard approach in optimization is to search for second order conditions.

Lemma 9. The following `second order condition' holds if q(θ) is strictly increasing and the decision

is at most �rst best at the boundaries, i.e. q(θ) ≤ qfb(θ) and q(θ̄) ≤ qfb(θ̄):

Sqq(q(θ))− cqq(q(θ), θ)f(θ) + (1− F (θ)− η(θ))cqqθ(q(θ), θ) ≤ 0 (6)

Proof. see appendix

The previous lemmata assumed that the decision q(θ) is strictly monotonically increasing in type.

This might seem restrictive. Especially as bunching is the normal response to irregularities in the solu-

tion of screening problems. However, it will be shown that bunching is not a big issue in this problem.

Intuitively, bunching is the response to violations of the monotonicity constraint. The monotonicity

constraint is a condition for local incentive compatibility. The main problem without single crossing,

however, are non-locally binding incentive constraints. These are dealt with by increasing the decisions

of �types in the middle� and bunching does not really play a prominent role. The following lemma

shows that, even without the monotone hazard rate assumption, bunching will not occur on intervals

of types from which the incentive constraint binds non-locally.

Lemma 10. An interior type θ from which the incentive constraint binds non-locally, i.e. Φ(θ, θ̂) = 0

for some θ̂ ∈ Θ, cannot be bunched.

Proof. Suppose θ and θ′ were bunched on qb (and by monotonicity all types in between them are
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as well) and suppose for now θ < θ′. But then Φ(θ′, θ̂) < 0 and ic is violated as

Φ(θ′, θ̂) = −
∫ θ′

θ̂

∫ q(t)

q(θ̂)
cs,t ds dt = −

∫ θ

θ̂

∫ q(t)

q(θ̂)
cs,t ds dt−

∫ θ

θ

∫ q(t)

q(θ̂)
cs,t ds dt

= Φ(θ, θ̂)−
∫ θ′

θ

∫ qb

q(θ̂)
cs,t ds dt < 0

where the last inequality follows from C1 for θ and cqθθ > 0.

Now suppose θ > θ′ and both types are bunched. From condition C1 and cqθθ > 0 it follows that∫ q(t)
q(θ̂)

cqθ(q, t) dq < 0 for every t ∈ (θ−ε, θ). But then Φ(θ−ε, θ̂) = Φ(θ, θ̂)+
∫ θ
θ−ε
∫ q(t)
q(θ̂)

cqθ(q, t) dq dt < 0,

so incentive compatibility would be violated.

It is well known that irregular distributions F (θ) can cause bunching even if single crossing is satis-

�ed. The monotone hazard rate assumption implies that the relaxed solution is strictly monotonically

increasing. Using this assumption it is possible to strengthen the no-bunching result:

Lemma 11. No interval of types where q(θ) ≤ qfb(θ) can be bunched.

Proof. see appendix

Even if the non-local incentive constraint distorts the decision above �rst best strict monotonicity

is not necessarily an issue. Indeed the following lemma shows that monotonicity of q(θ) can only be

problematic for �types in the middle�, i.e. types such that ic is binding from types θ above to types θ̂

below. Note that types θ, θ̂ such that ic is binding between them have to be local minimizers of Φ(θ, θ̂)

as otherwise ic would be violated for some types close.

Lemma 12. If (θ, θ̂) are local minimizers of Φ(θ, θ̂), then dθ̂/dθ < 0, qθ(θ) > 0 and qθ(θ̂) ≥ 0.

Proof. see appendix

This leaves only one case where strict monotonicity might be an issue: If �types in the middle�

have η so high that (4) results in q(θ) > qfb(θ), then (4) might also result in qθ(θ) < 0. But since for

these �types in the middle� all non-local incentive constraints are lax, this is a local problem. Therefore

it is solved just in the same way as monotonicity problems are solved in the standard single crossing

framework: Include a monotonicity constraint into the �rst order condition (4) and use the standard

ironing techniques as described by Guesnerie and La�ont (1984) or, for example, in Fudenberg and

Tirole (1991).6 Hence, the relevant �rst order condition becomes

νθ(θ) = (Sq(q(θ))− cq(q(θ), θ))f(θ) + (1− F (θ)− η(θ))cqθ(q(θ), θ)

6Note that the monotone hazard rate assumption is not su�cient to rule out monotonicity issues because the �rst

order condition includes η(θ) and f(θ)/(1− F (θ)− η(θ)) is not necessarily non-decreasing even if the monotone hazard

rate property holds.
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where ν(θ)qθ(θ) = 0 for all θ ∈ Θ, i.e. ν(θ) is the Lagrange parameter of the monotonicity constraint.

Note that η(θ) is�due to the introduction of ν(θ) and the fact that θ is a �type in the middle��

constant and equal to η of the closest type for which non-local ic binds. If the start and ending type

of the bunching interval are denoted by θbs and θ
b
e, then obviously

∫ θbe
θbs
νθ(θ) dθ = 0 or equivalently

∫ θbe

θbs

(Sq(q(θ))− cq(qb, θ))f(θ) + (1− F (θ)− η(θ))cqθ(q
b, θ) dθ = 0. (7)

The interpretation is straightforward: On average the �rst order condition has to be satis�ed over

the bunching interval. Otherwise, it would be better to slightly in- or decrease the bunching level qb.

Together with qb = q(θbs) = q(θbe) the last equation pins down the optimal bunching interval and level.

One special case is when the bunching includes the boundary type. Suppose that the types �in the

middle� are in the interval [θ̂, θ] where the incentive constraint binds from θ to θ̂. If θbs = θ̂, then (7)

does not have to hold with equality. Determining the bunching interval is however even simpler in this

case as qb = q(θ̂) = q(θ) which is given by the necessary conditions for binding incentive constraints.

This last special case actually clari�es also the outstanding issue of bunching of types to which the

incentive constraint binds. There are two possibilities. First, there is an interval [θ1, θ2] from which

the incentive constraint binds to the bunching interval [θ̂1, θ̂2] in the sense that for each θ̂ ∈ [θ̂1, θ̂2]

there is a θ ∈ [θ1, θ2] such that cq(q
b, θ) = cq(q

b, θ̂). In this (rather non-generic) case one does not

have to care about the bunching explicitly, it naturally emerges when applying conditions C1, C2 and

C3. Second, the bunching interval connects an interval of types to which the incentive constraint is

binding (and q is strictly monotone) and an interval of �types in the middle� at which the non-local

incentive constraint is not binding. In this case bunching is just the special case of bunching �types in

the middle� described above.

As indicated by lemma 10, the boundary bunching of the previous paragraph is not an issue at

the upper boundary, i.e. θbe is always below θ1. The intuition is simple: If there was some boundary

bunching up to θ1 and (7) did not hold, the reason would be that the principal could do better by

increasing qb. But this is perfectly possible. Increasing qb relaxes non-local incentive constraints and

therefore the non-local incentive constraint would actually be non-binding from θ1.

6. Continuous solutions

This section uses the results of the previous sections to give an algorithm for determining a monotone,

continuous solution. In principal, the solution is already described by (5), the properties of η(θ) and

the necessary conditions C2, C1 and C3 where 6 can be used if the three necessary conditions do not
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yield a unique solution candidate. The most distant pair (θ, θ̂) where the non-local incentive constraint

binds has to satisfy the three necessary conditions with q(θ) = qr(θ) and q(θ̂) = qr(θ̂).7 The closest

pair (θ′, θ̂′) for which the non-local incentive constraint binds must be such that the incentive constraint

is not violated for any pair (θ, θ̂) in the interval (θ̂′, θ′) given that all types in this interval have the

same η(θ) = η(θ′) = η(θ̂′).8 While this description is in principal �ne, I want to introduce a more

structured algorithm how one might obtain a continuous solution. This algorithm will also give some

additional insight into the logic behind the solution.

To judge whether this algorithm is useable it is of interest to have a su�cient condition for a

continuous solution. Of course, this is also of interest independent of the algorithm.

Proposition 4. A monotone solution is continuous if

Sqq(q)− cqq(q, θ)
cqqθ(q, θ)

>
Sk(k)− ck(k, θ)

ckθ(k, θ)
(8)

holds for all types and all q, k ≥ qfb(θ).9 A stronger condition which is also su�cient for establishing

0 ≤ η(θ) ≤ 1 is
Sqq(q)− cqq(q, θ)

cqqθ(q, θ)
>
F (θ)

f(θ)
≥ Sq(q)− cq(q, θ)

cqθ(q, θ)
.

Proof. see appendix

Hence, if the social objective S(q)− c(q, θ) is concave enough or if the cross derivative cqθ(q, θ) is in

absolute value large enough at the �rst best decision, the optimal decision will be continuous. Although

condition (8) looks demanding on �rst sight, it is satis�ed in many occasions. Take for example the

cost functions from the examples in section 2 and say that S(q) = βq. Condition (8) is then satis�ed

in example 1 if β ≥ 2θ̄. In example 2 and 3 (8) is satis�ed if β ≥ K/θ̄3.

The last proposition used, technically speaking, the strict monotonicity of the �rst order condition

in the decision. The following proposition gives an alternative condition under which the optimal

solution is below the �rst best decision. This turns out to be su�cient for having a continuous and

strictly monotone solution (see lemma 11). Before stating the proposition some additional notation is

needed. De�ne qm(θ) such that cθ(q
fb(θ), θ) = cθ(q

m(θ), θ). Hence, qm(θ) is a mirror image of qfb(θ)

along s(θ) with respect to cθ(q, θ).

Proposition 5. Assume that qm(θ) is increasing, i.e. cθθ(q
fb(θ), θ)−cθθ(qm(θ), θ) ≥ c2qθ(qfb(θ),θ)

−Sqq(qfb(θ))+cqq(qfb(θ),θ) ,

and that there is no distortion at the top.10 Then the optimal solution is below �rst best. This implies

that the optimal solution is continuous and strictly increasing.

7Of course, these conditions have to be adapted if non local incentive constraints bind from θ̄ or to θ.
8Of course, one has to take possible ironing in this interval into account as described above.
9Obviously, it is enough if the condition holds for all q, k ∈ [qfb(θ), q̄] where q̄ is de�ned as in appendix C.

10See section 7 for a simple su�cient condition for no distortion at the top.
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Proof. see appendix

The motivation for the aforementioned algorithm is the following proposition:

Proposition 6. De�ne Φ′(θ, θ̂) as Φ(θ, θ̂) under q̃(θ) where q̃(θ) is derived from

{Sq(q)− cq(q, θ)}f(θ) + (1− F (θ)− η)cqθ(q, θ) = 0

with η = η(θ′) = η(θ̂′).

If the incentive constraint binds between θ′ and θ̂′ under a monotone solution q(θ), then (θ′, θ̂′)

minimize Φ′[θ, θ̂] on [θ̂′, θ′]. Furthermore, Φ′(θ′, θ̂′) < Φ′(θ′′, θ̂′′) for any θ′′ > θ′ and θ̂′′ < θ̂′.

Proof. First, suppose that (θ′, θ̂′) does not minimize Φ′(θ, θ̂) on [θ̂′, θ] and call the minimizer

(θ′′, θ̂′′). Then incentive compatibility under the optimal decision requires Φ(θ′′, θ̂′′) ≥ 0. If q(θ) was

q̃(θ) for all types in [θ̂′, θ̂′′] ∪ [θ′′, θ′], then Φ(θ′, θ̂′) = Φ′(θ′, θ̂′) + Φ(θ′′, θ̂′′) − Φ′(θ′′, θ̂′′) > 0 where the

inequality stems from the de�nition of (θ′′, θ̂′′) as global minimizer of Φ′(θ, θ̂). Therefore ic would not

be binding between θ′ and θ̂′.

If q(θ) 6= q̃(θ) for some types in [θ̂′, θ̂′′]∪ [θ′′, θ′], then ic must be binding for some of these types.11

But this will only relax ic, i.e. q(θ) > q̃(θ) in a monotone solution. Therefore Φ(θ′, θ̂′) will be even

higher than when q(θ) = q̃(θ) and therefore ic cannot bind between θ′ and θ̂′. This is the desired

contradiction. Consequently, (θ′, θ̂′) has to minimize Φ′(θ, θ̂) on [θ̂′, θ′].

Second, suppose that (θ′′, θ̂′′) with θ̂′′ < θ̂′ < θ′ < θ′′ has Φ′(θ′, θ̂′) > Φ′(θ′′, θ̂′′). In fact choose θ′′

and θ̂′′ such that it is the global minimizer of Φ′(θ, θ̂) under the constraint θ̂ < θ̂′ < θ′ < θ.

Now suppose for the moment that all types in [θ̂′′, θ̂′] ∪ [θ′, θ′′] had q(θ) = q̃(θ). Then since

Φ(θ′, θ̂′) = 0 but (θ′′, θ̂′′) minimizes Φ′(θ, θ̂), ic would be violated for θ′′ and θ̂′′.

If q(θ) 6= q̃(θ) for some types in [θ̂′′, θ̂′]∪[θ′, θ′′], then ic was binding for some types in those intervals.

In a monotone solution this implies that q(θ) < q̃(θ) for these types. Put di�erently, ic is stricter under

q(θ) than under q̃(θ).12 But then ic will be even more violated for θ′′ and θ̂′′ under q(θ) than under

q̃(θ). Therefore, there cannot be a global minimizer (θ′′, θ̂′′) with θ̂′′ < θ̂′ < θ′ < θ′′.

The proposition �ts nicely with lemma 5. Together these two results say that at the pair (θ, θ̂)

at which incentive compatibility is most violated under the relaxed solution the incentive constraint

will be binding and both types will optimally have their relaxed decision (if they are interior). The

11Because of lemma 4 ic cannot bind from outside [θ̂′, θ] into the interval (neither the other way round).
12Strictly speaking one also has to show that ic did not bind from outside [θ̂′′, θ′′] into this interval (or the other way

round), thereby increasing q(θ) for some types in say (θ′, θ′′). If however this was the case and the increase in q(θ) was

such that ic between θ′′ and θ̂′′ was relaxed by it, then there has to exist a type θ̂′′′ ∈ (θ′, θ′′) and a type θ′′′ > θ′′ with

Φ(θ′′′, θ̂′′′) = 0 and q(θ̂′′′) = q̃(θ̂′′′). But this would contradict that (θ′′, θ̂′′) is a global minimum of Φ′(θ, θ̂) (analogously

to the proof of lemma 4), i.e. Φ′(θ′′′, θ̂′′) < Φ′(θ′′, θ̂′′).
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proposition then says that a similar logic applies for all pairs (θ, θ̂) at which incentive compatibility is

binding in the optimal solution if the decision qr(·) is substituted by the corresponding q̃(·).

The last proposition in connection with proposition 3 and lemma 8 gives a method for determining

q(θ).

Solve (5) for q as a function of type θ and η. Plugging this q(θ, η) into Φ(·) yields a function Φη(θ, θ̂)

which can be minimized over θ and θ̂ yielding θ(η) and θ̂(η) as minimizers. There could be several

pairs (θ(η), θ̂(η)) minimizing Φη(θ, θ̂). Relevant is each pair (θ, θ̂) (i) that globally minimizes Φη(·) on

the interval [θ̂, θ], (ii) for which no Φη(·) minimizer (θ′, θ̂′) with θ′ > θ, θ̂′ < θ̂ and Φη(θ′, θ̂′) < Φη(θ, θ̂)

exists. For now assume there is only one such relevant pair.

Under the optimal decision the constraint will bind from θ(η) to θ̂(η) for all η ∈ [0, η̄] where η̄ is

determined by Φη(θ(η), θ̂(η)) = 0. The optimal decision for types θ where the constraint binds is given

by q(θ, η) where η is such that θ = θ(η). Types for which the constraint does not bind can be sorted

into two categories: First, types θ such that ic does not bind from any type above θ to any type below

θ. These types simply have q(θ) = qr(θ). Second, types θ such that the constraint is binding from

some θ′ > θ to some θ̂′ < θ. These types have η(θ) equal to η(inf{θ′ : Φ(θ′, θ̂′) = 0 with θ′ > θ > θ̂′}).

Their q(θ) is then q(θ, η(θ)).

One remark on the possibility that several relevant pairs (θ(η), θ̂(η)) exist. For example, say there

exist the pairs (θ1(0), θ̂1(0)) and (θ2(0), θ̂2(0)) both satisfying (i) and (ii) above. The non-local incentive

constraint can in this case bind from an interval [θ0, θ1] to the interval [θ̂1, θ̂0] as well as from the interval

[θ3, θ2] to the interval [θ̂2, θ̂3] where θ̂1 < θ̂0 < θ0 < θ1 < θ̂2 < θ̂3 < θ3 < θ2. Indeed one has to be a

bit more precise in this case: There will be di�erent η̄ for the two intervals and η(θ) will not be single

peaked. But apart from this nothing changes.

A second remark has to be made with regard to bunching. The �types in the middle� might have an

ironed out solution. This solution is then not the q(θ, η(θ)) as described above but an ironed out version

of it. The condition for determining η̄, i.e. Φη(θ(η), θ̂(η)) = 0 has to hold for this ironed out decision

whenever ironing is relevant. One does not have to worry about ironing as long as η ≤ 1 − F (θ(η))

because this implies q(θ) ≤ qfb(θ) for all types for which bunching could have been possible and the

decision will be strictly increasing whenever it is below �rst best (see lemma 11).

In appendix D the algorithm is illustrated with a numerical example.
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7. Distortion at the top

If the non-local incentive constraint binds from θ̄ something unusual can happen. Recall that the

necessary condition C1 might hold with inequality at θ = θ̄. This implies that it might be possible

that the non-local incentive constraint binds from θ̄ to several θ̂. Note that this is impossible for

interior types: With a �xed q(θ) C2 and C1 will uniquely determine θ̂ and q(θ̂).

Now consider the case where the non-local incentive constraint binds not only to several but to a

mass of types θ̂. Then the shadow value of the constraint η(θ) will be strictly positive and bounded

away from 0 for types slightly below θ̄. Hence, these types have a decision q(θ) which is at least ε away

from their relaxed decision qr(θ) for some ε > 0. Obviously, the same has then to apply for θ̄ by local

incentive compatibility. Put di�erently, η(θ̄) > 0 and therefore q(θ̄) is distorted.

The algorithm described above works in principle also in this situation. The minimizer θ(η) will

in this case be the boundary type θ̄. The decision of θ̄ and his shadow value are determined by the

highest θ̂ to which his non-local incentive constraint binds. At this θ̂ also condition C1 holds with

equality. Note that condition C3 was also derived as a condition for interior types. It is therefore not

violated by the fact that θ̄ and some of the θ̂ to which incentive constraints are binding from θ̄ have

di�erent η(·).

A natural question is whether such a situation with distortion at the top is generic. In particular,

will distortion at the top remain if the support of the type distribution is marginally increased? To be

more concrete suppose that types on the interval [θ̄, θ̄+ ε] are added and let these types have the same

density as θ̄.13 Recall that
∫ q(θ̄)
q(θ̂)

cqθ(q, θ̄) ≥ 0 for all types θ̂ to which incentive compatibility is binding

from θ̄ and note that the inequality holds strictly for all but the highest θ̂. Since cqθθ > 0, incentive

compatibility would be violated from the added types (θ̄, θ̄ + ε] to all θ̂ where incentive constraints

were binding from θ̄ (under the original optimal decision). This violation would be most severe at the

new top θ̄ + ε indicating that also under an adapted solution incentive constraints would be binding

from the new top to a mass of types. Consequently, the distortion at the top result is in some sense

generic.

Another interesting question is whether there is a su�cient condition for no distortion at the top.

Indeed proposition 6 allows to formulate such a condition. If θ̄ is not the global minimizer of Φr(θ, θ̂)

where Φr(·) is Φ(·) under the relaxed solution qr(·), then non local incentive constraints cannot bind

from θ̄. Therefore, the relaxed decision is optimal for θ̄ implying that q(θ̄) = qfb(θ̄).

13Obviously, one would have to adjust the density of all types by dividing through 1 + εf(θ̄).

24



8. Extensions

8.1. Discontinuities

Unfortunately, the violation of single crossing might require q(θ) > qfb(θ) for some types. Though this

is not a problem in principle it can lead to a ��rst order condition� which is not necessarily decreasing

in q. The �rst order condition for q�treating η(θ) as given�is

[Sq(q(θ))− cq(q(θ), θ)]f(θ) + (1− F (θ)− η(θ))cqθ(q(θ), θ) = 0.

If 1 − F (θ) − η(θ) is negative, the derivative of the �rst order condition with respect to q is not

necessarily negative. This is comparable to a non concave objective function in optimization. In this

case there can be several solutions q to the ��rst order condition� and the optimal decision function

q(θ) might have discontinuities where q(θ) jumps from one solution trajectory to another.

The conditions are similar to those before if these jumps are upwards and the decision stays mono-

tone. However, there is an interesting case where the optimal decision jumps from a value above �rst

best to a value below s(θ) (see �gure 8.1).

Note however that incentive compatibility constrains the way q(θ) can be discontinuous: Call

q− the left hand side limit of q(θ) when θ is a point of discontinuity and q+ the right hand side

limit. Take q− ≥ s(θ), then q+ 6∈ [s(θ), q−]. In the same way if q− ≤ s(θ) then q+ 6∈ [q−, s(θ)]. If

q− > s(θ) > q+, then
∫ q−
q+ cqθ(q, θ) dq ≥ 0 to satisfy local incentive compatibility. If q− < s(θ) < q+

then
∫ q+
q− cqθ(q, θ) dq ≤ 0.

Hence a discontinuous solution could have q−1 > s(θ1) > q+
1 for some θ1 and q−2 < s(θ2) < q+

2 for

some θ2 > θ1. Since q(θ) < s(θ) for θ ∈ (θ1, θ2), this solution will no longer be monotone as it has to

decrease on this interval due to local incentive compatibility.

The intuition for such jumps is as follows: Say the non local incentive constraint binds from θ2

to θ1 and assume q(θ1) > s(θ1) and q(θ2) > s(θ2) as in a monotone solution. This means that

Φ(θ2, θ1) = −
∫ θ2
θ1

∫ q(t)
q(θ1) cqθ(q, t) dq dt = 0. Consequently, there will be some types θ in the interval

(θ1, θ2) where
∫ q(θ)
q(θ1) cqθ(q, θ) dq > 0. Take such a type θ and assume that q(θ) > s(θ) as in the normal

monotone solution. But then there is a q̃(θ) < s(θ) such that
∫ q̃(θ)
q(θ1) cqθ(q, θ) dq =

∫ q(θ)
q(θ1) cqθ(q, θ) dq > 0.

Hence, in terms of incentive compatibility between θ1 and θ2 it is irrelevant whether θ is assigned q(θ)

or q̃(θ). If q(θ) is so high that q̃(θ) is �closer� to the relaxed solution qr(θ) than q(θ), it is best to assign

q̃(θ) to type θ.

The same intuition can be stated in terms of the pro�t function. It was noted before that the

response to violations of non-local incentive constraint is to increase the slope of the pro�ts function

π(θ). Consequently, a type gets a higher pro�t at his menu point and the incentive constraint is relaxed.
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cqθ > 0

cqθ < 0
s(θ)

q(θ)

θ∗∗ θ∗ θ′ θ′′

Figure 5: discontinuous solution

Because of the violation of single crossing there are two ways to achieve this: Increase the decision

above the relaxed decision or decrease the decision su�ciently much below s(θ). Since the relaxed

solution is strictly above s(θ), the �rst way is normally cheaper for the principal, i.e. the decision is

closer to the relaxed decision. But if the decision would have to be distorted too much above qr(θ) to

keep incentive compatibility, the second way can become more e�cient.

This interpretation also shows that a monotone solution candidate below �rst best cannot be

improved by jumping below s(θ) for some types. The principal wants to maximize the expectation

over (S(q)− c(q, θ))f(θ) + (1−F (θ))cθ(q, θ) in an incentive compatible way. Assigning to some type a

q̃(θ) < s(θ) such that cθ is the same as under the monotone solution candidate will inevitably lead to

a lower S(q)− c(q, θ) while leaving the second term constant. Hence, this is not a pro�table deviation.

Choosing a lower q̃ such that cθ decreases makes things even worse. Choosing a higher q̃(θ) runs into

problems with incentive compatibility (note that q is only above qr in the monotone solution candidate

if non-local incentive compatibility matters).

As in �gure 8.1 call the points of discontinuity θ′ and θ′′. At the point of discontinuity q′− > qfb(θ′)

and q′′+ > qfb(θ′′) where q′− denotes the left hand side limit of q(θ) at θ′. Note that each type in [θ′, θ′′]

has the same decision as some type in [θ∗, θ∗∗]. Hence, there is a part which is similar to an inverse

U-shape.

Since q(θ∗) = q′+, the incentive constraint has to bind between θ∗ and θ′. Then incentive compat-

ibility for θ′ − ε and θ∗ implies
∫ q′−
q′+

cqθ(q, θ
′) dq ≥ 0. Similarly, incentive compatibility from θ′′ + ε to

θ∗∗ requires
∫ q′′+
q′′−

cqθ(q, θ
′′) dq ≤ 0.

Much of the analysis above was based on lemma 3 and lemma 4 which applied speci�cally to
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monotone solutions. The following lemma ensures that similar properties hold also in a solution with

two discontinuities as depicted in �gure 8.1. In particular these properties hold for types θ > θ′′ from

which the incentive constraint binds to θ̂ < θ∗∗.

Lemma 13. In the twice discontinuous solution the incentive compatibility constraint is downward

binding. The only exception to this rule are types pooled on the same decision q (for which the incentive

constraint binds in both directions). The no-overlap property still holds: If the incentive constraint binds

from θ to θ̂ and from θ# to θ̂#, then θ̂ < θ̂# < θ < θ# is impossible.

Proof. see appendix

From the proof it is clear that the incentive constraint does not bind into (θ∗, θ′). From the no

overlap property, it follows that ic can neither bind from types in this interval to types outside the

interval. Therefore η(θ∗) = η(θ′) as also required by C3.

This peculiarity is not only of technical but also of economic interest. Consider the case where the

incentive compatibility constraint is binding from θ̄ to a mass of types. As discussed before, this leads

to �distortion at the top�. In light of this section it is however unclear in which direction this distortion

goes. In general q(θ̄) could be above the �rst best or (a lot) below �rst best. Only intermediate values,

e.g. the interval (s(θ̄), qfb(θ̄)), can be ruled out.

8.2. Monotone hazard rate

Although stated as a formal assumption, monotone hazard rate is not necessary for most of the results.

The main virtue of a monotone hazard rate is normally to ensure strict monotonicity of the decision.

Lemma 12 does not depend on the monotone hazard rate assumption and therefore q(θ) is strictly

monotone wherever the incentive constraint binds regardless of this assumption. For the types where

the incentive constraint is lax but binding from types above to types below an ironing procedure was

described to deal with possible non-monotonicity. Hence, the monotone hazard rate property matters

only for types having their relaxed decision qr(θ) assigned. Non-monotonicity at those types can be

dealt with by the same standard ironing procedure.

8.3. Common values

In some examples the types of the agent might enter directly into the principal's utility function. The

most prominent example is the principal being the insurer and the agent the being the insured person.

If type denotes the agent's risk (and the decision could be the deduction), this will obviously a�ect the

principal and his utility should not be S(q) but u(q, θ). If the assumptions uq > 0 and uqq ≤ 0 are kept
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and complemented by the assumption uqθ ≥ 0, the relaxed solution will still be strictly monotonically

increasing and the whole setup is similar to the private value case.

Even without the assumption on the cross derivative not much changes: Assumption 2 is su�cient

for getting qr(θ) > s(θ) although the relaxed solution might now include some bunching. In fact, the

only proof using the private value assumption is the one of lemma 2 which serves more illustrative

purposes. Therefore, all results for monotone solution carry over to the common value case. This

should not be surprising: The main problem were non-local incentive constraints. These constraints

depend only on the cost function and not on the principal's utility function.

9. Discussion and conclusion

This section compares the monotone solution obtained in this paper with the solutions of the standard

screening model with single crossing and some related papers.

In the standard textbook model with single crossing decisions are downward distorted for rent

extraction reasons. The solution is continuous and under some regularity conditions, e.g. monotone

hazard rate, strictly increasing. This paper shows that a violation of single crossing can lead to a

reduction of distortion and even to decision levels above the �rst best. The reason is that binding non-

local incentive constraints distort the decision upwards while binding local incentive constraints distort

it downwards. This stems from the one time violation of single crossing: A high type misrepresenting

as a low type can have higher marginal cost at the low type's decision (this is impossible with single

crossing). To make the decision of the low type less attractive for the high type it is then best to

increase the low type's decision.

Even with the monotone hazard rate assumption bunching can occur in this paper if the decision

of some types is distorted su�ciently above �rst best. In contrast to the standard model a violation

of single crossing can lead to distortions at the top. This will happen if non-local incentive constraints

bind from the best type to a mass of types. It is not even clear whether the distortion at the top is

downward or upward since single crossing violations can lead to jumps in the optimal decision.

Jumps and bunching can also be part of the standard model if one allows for arbitrary type

distributions as in Hellwig (2010). However this will not lead to decisions above �rst best and downward

jumps are not possible. Furthermore, a no distortion at the top result remains valid in Hellwigs's model.

The reason is that with single crossing only local incentive constraints bind while non-local incentive

constraints remain lax.

The reader familiar with the literature on adverse selection models might have noticed the similarity
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between the ��rst order condition�

{Sq(q)− cq(q(θ), θ)}f(θ) + (1− F (θ)− η(θ))cqθ(q(θ), θ) = 0

and the �rst order condition in Jullien (2000). In Jullien's paper heterogenous participation constraints

are analyzed in a framework with single crossing. If one writes γ(θ) instead of 1−η(θ) in the condition

above, the �rst order condition of his model results. There γ(θ) is the Lagrange parameter denoting

the shadow value of relaxing the participation constraint for all types below θ.

Naturally, the question emerges whether the same solution decisions could result from models with

heterogenous participation constraints and models without single crossing.14 This is not the case.

Mathematically speaking the reason is that γ(θ) is monotonically increasing while η(θ) is �rst in- and

later decreasing.

Intuitively one can start thinking from the relaxed decision. If a participation constraint is violated

in the interior at type θ′, the response is to reduce the distortion for all types below θ′. This will

increase the slope of the pro�t function for all types below θ′ and therefore increase the payo�s of θ′.

If, however, the non-local incentive constraint is violated between two types θ̂′, θ′ under the relaxed

decision, there is no reason to change the decision of types below θ̂′. The problem is solved by increasing

the decision only for types between θ̂′ and θ′.

The result that overproduction, i.e. q above �rst best, can occur in the heterogenous participation

constraint model as well. It can even occur at the highest type, so there can be distortion at the

top. However, with heterogenous participation constraint the reason for this peculiarity is that the

incentive constraint can become upwards binding, i.e. low types want to misrepresent as high types.

With violations of single crossing the same results can be obtained although the incentive constraint

is only downward binding.

A violation of single crossing can furthermore lead to underproduction at the top as described in

the section on discontinuous solutions. If the incentive constraint is binding from a mass of types to

θ, a violation of single crossing can also lead to over production at the lowest type. Both phenomena

do not occur with heterogenous participation constraints.

There exists one special case where a no-single-crossing solution looks like a heterogenous-participation-

constraints-solution. Take the case where non-local incentive constraints are only binding to θ from

types in some interval [θ1, θ2]. Then the solution has some similarities to the case with binding partic-

ipation constraints on the interval [θ1, θ2].

14One way to think about this is to imagine cqθ to be zero instead of positive below s(θ). Could heterogenous

participation constraints then lead to the same solution as the original problem?
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Appendix

A. Variational condition

It was shown that (C2) can be seen as an extension of the critical U-shape condition of Araujo and

Moreira (2010). Their second necessary condition, again only for the case where q(θ) = q(θ̂) = q, is

uq(q, θ)− cq(q, θ) + 1−F (θ)
f(θ) cqθ(q, θ)

cqθ(q, θ)
f(θ) =

uq(q, θ̂)− cq(q, θ̂) + 1−F (θ̂)

f(θ̂)
cqθ(q, θ̂)

cqθ(q, θ̂)
f(θ̂). (9)

To derive something similar for q(θ) 6= q(θ̂) take θ and θ̂ such that cq(q(θ̂), θ̂) = cq(q(θ̂), θ), cθ(q(θ), θ) =

cθ(q(θ̂), θ), Φ(θ, θ̂) = 0 and assume for simplicity that q(·) is di�erentiable.

Given θ and q(θ), the equation cθ(q(θ), θ) = cθ(q(θ̂), θ) pins down a decision q(θ̂) where incentive

compatibility could be binding. Given this q(θ̂) as well as θ and q(θ), the equation cq(q(θ̂), θ̂) =

cq(q(θ̂), θ) pins down θ̂. Therefore the critical θ̂ can be written as a function of θ and q(θ), i.e.

θ̂ = φ(θ, q(θ)).

Di�erentiating the two conditions, the partial derivatives φθ and φq can be obtained as

φθ(θ, q) =
cqθ(q̂, θ)

cqθ(q̂, θ̂)
+

(cqq(q̂, θ)− cqq(q̂, θ̂))(cθθ(q, θ)− cθθ(q̂, θ))
cqθ(q̂, θ̂)cqθ(q̂, θ)

φq(θ, q) =
cqθ(q, θ)[cqq(q̂, θ)− cqq(q̂, θ̂)]

cqθ(q̂, θ̂)cqθ(q̂, θ)

where q̂ = q(θ̂) and q = q(θ). If q(θ) = q(θ̂), clearly φθ(θ, θ̂) 6= 0 and therefore φ can be inverted

locally.

Denote by h an admissible perturbation of the optimal solution q∗ on some interval [θ1, θ2], i.e.

h(θ1) = h(θ2) = 0. Admissible implies that if the incentive constraints binds from θ, than θ̂ satis�es

C2 where θ̂ is the type with q(θ̂) such that C1 is satis�ed.

The idea of the variational argument is the following: I want to derive a necessary condition for a

type θ such that Φ(θ, θ̂) = 0 for some θ̂. To do so I assume that also under the perturbed q(·) ic is

binding for θ and some θ̂. The type θ̂ to which ic binds depends on the perturbation and is given by

φ(θ, q(θ)). The easiest way to think about it is that ic is binding from each θ ∈ [θ1, θ2] to some θ̂ in

some interval [θ̂1, θ̂2]. The speci�c type θ̂ to which ic binds from a given θ depends on the perturbation

h.

Assume that φθ(θ, θ̂) 6= 0 and therefore φ(·) is locally one to one for all θ ∈ [θ1, θ2] with their

respective θ̂ = φ(θ, q(θ)).
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For brevity I denote in the remainder of this section the optimal solution by q∗(θ) and the perturbed

solution by q(θ) = q∗(θ) + εh(θ). Hence the part of the principal's objective function a�ected by the

perturbation can be written as

G(ε) =

∫ θ2

θ1

g(q(θ), θ) dθ +

∫ φ(θ1,q(θ1))

φ(θ2,q(θ2))
g(q(θ), θ) dθ

=

∫ θ2

θ1

{g(q(θ), θ)− g(q̂(θ, q(θ)), φ(θ, q(θ))) [φq(q(θ), θ)qθ(θ) + φθ(q(θ), θ)]} dθ (10)

where g(q(θ), θ) =
[
u(q(θ), θ)− c(q(θ), θ) + 1−F (θ)

f(θ) cθ(q(θ), θ)
]
f(θ) is the virtual valuation weighted

by the density. The second line is a normal change of variables where q̂(θ, q) denotes the q̂ solving

cθ(q, θ) = cθ(q̂, θ) with q 6= q̂. Note that ∂q̂/∂q = cqθ(q, θ)/cqθ(q̂, θ).

Di�erentiating (10) gives

G′(0) =

∫ θ2

θ1

{gqh− ĝ((φqqq
∗
θ + φqθ)h+ φqhθ)− (ĝq q̂q + ĝθφq)(φqq

∗
θ + φθ)h} dθ = 0

where arguments are omitted and a hat denotes evaluation at (θ̂, q∗(θ̂)). Integrating
∫ θ2
θ1

(ĝφq)hθ dθ by

parts and substituting yields for the previous equation∫ θ2

θ1

{gq − ĝq q̂qφθ + ĝq q̂θφq}h dθ =

∫ θ2

θ1

{
gq − ĝq

cqθ(q(θ), θ)

cqθ(q(θ̂), θ̂)

}
h dθ = 0.

As h was arbitrary the following condition has to hold at optimum:

gq(q(θ), θ) = gq(q(θ̂), θ̂)
cqθ(q(θ), θ)

cqθ(q(θ̂), θ̂)

This condition is equivalent to the one in Araujo and Moreira (2010) for q(θ) = q(θ̂).

B. Proofs

Proof of lemma 1: Suppose, s(θ′) = qr(θ′) for some type θ′. Then cqθ(q
r(θ′), θ′) = 0 and equation

(2) implies that qr(θ) = qfb(θ). By the assumption qfb(θ) > s(θ), this is impossible. 15

Next, it is to show that qr(θ) < s(θ) for all types is impossible. The transversality condition

together with (2) and qfb(θ) > s(θ) would only allow for this if π(θ̄) = 0. However, in this case

the�optimal� mechanism can be improved: Change qr(θ̄) to qfb(θ̄) and adjust t(θ̄) to c(qfb(θ̄), θ̄). As

it is a zero pro�t point, it is ic for θ̄ and from the assumption of increasing �rst best welfare, it is only

desirable if other types misrepresent as θ̄ in this new menu point.

15The result does not depend on the monotone hazard rate assumption: If the solution to (2) was not monotone and

standard ironing procedures had to be applied, it would still holds that qr(θ) 6= s(θ) for all θ ∈ Θ: Ironing reduces the

range of q(θ). Hence, if the solution to (2) does not feature a θ with q(θ) = s(θ), neither will an ironed out solution.
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After showing qr(θ) > s(θ), it is now su�cient to show λ(θ) ≥ 0 to prove qr(θ) ≤ qfb(θ) (follows

from (2)). It was already shown that qr(θ̄) = qfb(θ̄) and therefore cθ(q
r(θ̄), θ̄) < 0. Consequently,

π(θ̄) > 0 and therefore λ(θ) = 1 − F (θ) > 0 for θ high enough. De�ne θ′ as the highest type θ 6= θ̄

such that λ(θ) = 0. I will show that such a type cannot exist and therefore λ(θ) > 0 for all θ < θ̄. At

θ′ we would have to have λθ(θ
′) > 0 and therefore η(θ′) > 0 implying π(θ′) = 0. But with λ(θ′) = 0,

equation (2) implies that qr(θ′) = qfb(θ′). Hence cθ(q
r(θ′), θ′) < 0 and pro�ts are strictly increasing at

θ′. This contradicts π(θ′) = 0 as the participation constraint of θ′ − ε would be violated.16

The strict monotonicity of qr(θ) follows from the implicit function theorem applied to equation (2),

the monotone hazard rate assumption and the assumptions on the third derivatives of c(·).

Proof of lemma 2: The proof is by contradiction.

First, I show that q(θ) cannot cross s(θ) at θ′ if q(θ) is continuous in some neighborhood of θ′.

Suppose that q(θ′) = s(θ′) and that q(θ) is continuous around θ′. Hence, q(θ) < s(θ) for types slightly

above θ′. De�ne θ′′ > θ′ such that q(θ) < s(θ) for θ ∈ (θ′, θ′′). De�ne q̃ as the highest decision θ′ could

have to still satisfy incentive compatibility from θ′′, i.e.
∫ θ′′
θ′

∫ q̃
q(t) cqθ(q, t) dq dt = 0. Note that q̃ > s(θ′).

Consider now changing the menu by increasing q(θ′) to qc(θ′) = min(qfb(θ′), s(θ′′), q̃) and adjusting

t(θ′) such that π(θ′) remains the same as before. This increases the objective value.17 The key insight

is that if a type θ ∈ (θ′, θ′′) wants to misrepresent as θ′ with this new contract. . . he is most welcome

to do so: The objective value under q(θ) is given by V (θ) = S(q(θ))− c(q(θ), θ)−π(θ). Di�erentiating

w.r.t. θ and plugging in πθ = −cθ gives dV/dθ = (Sq(q(θ)) − cq(q(θ), θ))qθ(θ). For θ ∈ (θ′, θ′′) we

know that qθ < 0 and q(θ) < qfb(θ). Therefore V is decreasing in θ and such θ misrepresenting

as θ′ will increase the planner's utility. For types θ ≥ θ′′ increasing q(θ′) to qc(θ′) actually relaxes

incentive compatibility.18 Since π(θ′) remains the same ic still holds from θ′. For types θ < θ′ incentive

compatibility is relaxed by the change as long as q(θ) < s(θ′). By local incentive compatibility this is

the case for types slightly below θ′. The following argument shows that this still has to hold if q(θ)

jumps over s(θ) (potentially several times) for some types below θ′:

If q(θ) jumped down at say θ0 < θ′ and up again at θ1 ∈ (θ0, θ
′) (and q(θ) < s(θ) on (θ0, θ1)),

then
∫ q−(θ0)
q+(θ0)

cqθ(q, θ0) dq > 0 from local incentive compatibility. Now, cqθθ > 0 implies that 0 <∫ q−(θ0)
q+(θ0)

cqθ(q, θ1) dq ≤
∫ q−(θ0)
q−(θ1)

cqθ(q, θ1) dq where the second inequality follows from qθ(θ) ≤ 0 on (θ0, θ1).

Since local incentive compatibility requires
∫ q+(θ1)
q−(θ1)

cqθ(q, θ1) dq ≤ 0, it follows that q+(θ1) > q−(θ0).

16Again�without monotone hazard rate�standard ironing procedures cannot change this result: As qfb is increasing

any ironed part stays below it.
17To increase the objective value on a set of positive measure, one can bunch a su�ciently small interval of types

[θ′ − ε, θ′ + ε] on qc(θ′). The e�ect is the same as described.
18This follows from qc(θ′) ≤ q̃ as then

∫ qc(θ′)
q(θ′)

∫ θ
θ′ cqθ(q, t) dq dt > 0 for any θ > θ′′.
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From local incentive compatibility q(θ) has then to increase on (θ1, θ
′) and the claim follows.

But then the change increases the principle's payo� and contradicts the optimality of q(θ). Hence,

q(θ) cannot cross s(θ) continuously.

Second, I show that q(θ) > s(θ). Suppose to the contrary that all θ < θ′ have q(θ) ≤ s(θ) with

strict inequality for all θ ∈ (θ, θ′) and possibly also for θ. Take the case where q(θ) < s(θ). Then

increasing q(θ) to s(θ) for θ ∈ [θ, θ + δ] with δ > 0 but small and adjusting transfers such that pro�ts

remain the same for θ+ δ will increase V : For a given θ and π(θ) we have ∂V/∂q = Sq(q(θ))− cq(q, θ).

Since qfb(θ) > s(θ) and S(q)− c(·) is concave in q by assumption, ∂V/∂q is positive for θ = θ. If any

θ ∈ (θ, θ′) wants to misrepresent as θ with this new contract the objective value is increased as dV/dθ

is negative (similar to previous paragraph). It remains to show that no θ > θ′ wants to misrepresent.

For misrepresentation as θ and δ = 0 this would mean∫ θ

θ

∫ s(θ)

q(t)
cst(s, t) ds dt =

∫ θ′

θ

∫ s(θ)

q(t)
cst(s, t) ds dt−

∫ θ

θ′

∫ q(t)

s(θ)
cst(s, t) ds dt

>

∫ θ′

θ

∫ s(θ)

q(t)
cst(s, t) ds dt−

∫ θ

θ′

∫ q(t)

q′
cst(s, t) ds dt ≥ 0

where q′ = limθ→θ′−q(θ) < s(θ). The last double integral is non-negative because of incentive compat-

ibility between θ and θ′ (or θ′ − ε). The second but last double integral is positive as the integrand is

positive for all relevant (s, t). Since incentive compatibility is lax here, it will also be non-binding for

δ > 0 small enough.

The case with q(θ) = s(θ) works similar: Increase q(θ) slightly. Given that incentive compatibility

for θ > θ′ was not binding before, it cannot bind now if the increase is not too big.

Proof of proposition 1: Suppose q(θ) < qr(θ) for some types. Since local incentive compatibility

does not allow downward jumps, q(θ) has to be strictly below qr(θ) for a mass of types. Consider chang-

ing this `optimal' decision to q∗(θ) where q∗(θ) = max{q(θ), qr(θ)}. Transfers t∗(θ) are determined

such that π(θ) = 0 and πθ(θ) = −cθ(q∗(θ), θ).

As the virtual valuation is concave in q and as qr(θ) ≤ qfb(θ), this change will increase the principal's

expected payo�.

It remains to check incentive compatibility.

Φ∗(θ, θ̂) = −
∫ θ

θ̂

∫ q∗(t)

q∗(θ̂)
cqt(q, t) dq dt ≥ 0

If q∗(θ̂) = q(θ̂), incentive compatibility follows from q∗(t) ≥ q(t) and as q(t) ≥ s(t) the corresponding

`additional' c(q, t) are negative.

If q∗(θ̂) > q(θ̂) (and therefore q∗(θ̂) = qr(θ̂)), there are three possibilities: (i) There exists a type

θ′ ∈ (θ̂, θ) with q(θ′) = q∗(θ̂), (ii) all types θ′ ∈ (θ̂, θ) have q(θ′) < q∗(θ̂) and (iii) there are types

θ′ ∈ (θ̂, θ) with q(θ′) > q∗(θ̂) but no type θ′ with q(θ′) = q∗(θ̂), hence q(·) is discontinuous.
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If (i), then Φ(θ, θ′) ≥ 0 implies incentive compatibility as Φ∗(θ, θ̂) > Φ(θ, θ′). In case (ii) q∗(θ̂)

has to be above q(θ′) for all θ′ ∈ (θ̂, θ). But since q(θ′) > s(θ′) for all these types it follows that

q∗(θ̂) > s(θ) and therefore incentive compatibility is trivially satis�ed.

In case (iii) de�ne θ′ = sup{t ∈ (θ̂, θ) : q(t) < q∗(θ̂)} that is θ′ is the jump point. Incentive

compatibility between θ and θ′ implies
∫ θ
θ′

∫ q(t)
q−(θ′) cqt(q, t) dq dt ≤ 0 as well as

∫ θ
θ′

∫ q(t)
q+(θ′) cqt(q, t) dq dt ≤ 0

where q−(θ′) denotes the limit of q(t) as t→ θ′ from below. From cqqθ < 0 and q−(θ′) < q∗(θ̂) < q+(θ′)

it follows that
∫ θ
θ′

∫ q(t)
q∗(θ̂)

cqt(q, t) dq dt ≤ 0. But as Φ∗(θ, θ̂) > −
∫ θ
θ′

∫ q(t)
q∗(θ̂)

cqt(q, t) dq dt ≥ 0 incentive

compatibility is satis�ed.

Proof of lemma 5: Assume that there exists a highest type θ′ such that Φ(θ′, θ̂′) = 0 for some

θ̂′ under the optimal solution. Assume further that θ′ < θ̄. Suppose q(θ′) > qr(θ′). Local incentive

compatibility requires that q(θ) ≥ q(θ′) for all θ > θ′. Hence, there exists some types slightly above

θ′ for which q(θ) > qr(θ). As the virtual valuation S(q)− c(q, θ)− (1− F (θ))/f(θ)cθ(q, θ) is concave

in q and the non-local ic is not binding for these types, the optimal solution will bunch them on the

decision q(θ) = q(θ′). But then Φ(θ′+ ε, θ̂′) < 0 for ε > 0 small enough since cqθθ > 0. Hence ic would

be violated. Therefore q(θ′) = qr(θ′) has to hold.

Assume there exists a lowest type θ̂′′ such that Φ(θ′′, θ̂′′) = 0 for some type θ′′ and assume that

θ̂′′ is interior. Suppose q(θ̂′′) > qr(θ̂′′). Since non-local ic is not binding for types below θ̂′′, these

types will optimally be assigned their relaxed decision. Therefore, limθ→θ′′− q(θ) = qr(θ̂′′). But then

incentive compatibility will be violated for θ′′ and θ̂′′ − ε for ε > 0 small enough:

Φ(θ′′, θ̂′′ − ε) = Φ(θ′′, θ̂′′)−
∫ q(θ̂′′)

qr(θ̂′′)

∫ θ′′

θ̂′′
cqt(q, t) dt dq < 0

The last inequality follows from
∫ θ′′
θ̂′′ cqt(q(θ̂

′′), t) dt = 0 (this is the necessary condition C2) and the

assumption cqqθ < 0. Hence q(θ̂′′) must equal qr(θ̂′′).

Proof of lemma 6: Note �rst that q(θ) has to be above qr(θ) for some types in [θ̂′, θ′] as

otherwise ic was not binding between these two types. Now suppose that q(θ) = qr(θ) on some interval

(θ1, θ2) ⊆ (θ̂′, θ′).19 Let us assume that all types in (θ2, θ
′) have q(θ) > qr(θ). The proof is similar if

there is an interval (θ̂′, θ1) with q(θ) > qr(θ). Since one of the two has to exist concentrating on the

�rst case is without loss of generality.

I will now show that changing the menu increases the principal's payo� and therefore optimality

of such a decision is contradicted. Change q(θ) in the following way: Increase q(θ) to q(θ) + ε for all

θ ∈ (θ1, θ2] for ε > 0 small. For types in (θ2, θ
′) change q(θ) to q(θ2) + ε if q(θ) ≤ q(θ2) + ε. The

highest type in (θ2, θ
′) for which q(θ) ≤ q(θ2) + ε is denoted by θε. For types in (θε, θ

′) change q(θ) to

19It is impossible to have q(θ) = qr(θ) only for isolated types since downward jumps in q(θ) violate local incentive

compatibility.
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q(θ)−δ∗min{θ−θε, θ′−θ}. Determine δ such that
∫ θε
θ1

∫ qc(t)
q(t) cqt(q, t) dq dt =

∫ θ′
θε

∫ q(t)
qc(t) cqt(q, t) dq dt where

qc(θ) is the changed decision. Put di�erently, δ is determined such that Φ(θ′, θ̂′) remains unchanged.

Hence, incentive compatibility is not a�ected by the change and it only remains to show that for some

ε this change increases the principal's objective.20

Clearly, δ is strictly increasing in ε. If ε = 0, then δ = 0 and qc(θ) = q(θ). Hence, it is su�cient to

show that at ε = 0 the principal's payo� is increasing in ε. Then there will exist an ε > 0 small enough

such that the principal's payo� under qc(θ) is higher than under q(θ). Indeed this is the case: By

the de�nition of qr(θ), the derivative of the virtual valuation with respect to q is zero. Consequently,

the derivative of the virtual valuation with respect to ε is zero at ε = 0 for all types in θ1, θ2. The

interval (θ2, θε) is degenerated for ε = 0 and can therefore be neglected. On the interval (θε, θ
′) however

q(θ) > qr(θ) and from the concavity of the virtual valuation it follows that the derivative with respect

to q is negative for these types. As ∂qc(θ)/∂ε < 0 for these types, it follows that the principle's

objective is increasing in ε for ε = 0. This concludes the proof.

Proof of lemma 7: Take the most distant type pair (θ′, θ̂′) such that incentive compatibility is

binding from θ to θ̂, i.e. θ − θ̂ maximal among all types between which Φ(θ, θ̂) = 0. By assumption,

incentive compatibility is only binding from and to interior types and therefore θ′ and θ̂′ are interior.

By lemma 5, q(θ′) = qr(θ′) and q(θ̂′) = qr(θ̂′). Since there is a �nite number of types from which

incentive constraints are binding there has to exist a ε > 0 such that non-local incentive constraints

are not binding for all types in the interval (θ′ − ε, θ′). The optimal decision for types in this interval

is given by (4) with some η ≥ 0. I claim that this η = 0: Note that by the de�nition of qr the decision

of θ′ is also given by (4) with η = 0. If η for the types in (θ′ − ε, θ′) was strictly above 0, there would

be a jump in q(θ) at θ′ since the relevant derivatives of c(·) and S(·) as well as f(θ) are assumed to be

continuous. If q(θ) jumped downward at θ′, monotonicity and therefore local incentive compatibility

would be violated. If q(θ) jumped upward at θ′, then q(θ) < qr(θ) for types slightly below θ′ since

q(θ′) = qr(θ′). But this is not optimal by proposition 1.

Now one can look at the second most distant pair (θ′′, θ̂′′) among the pairs (θ, θ̂) such that Φ(θ, θ̂) =

0. Since q(θ) = qr(θ) for all types above θ′′, the same argument as in lemma 5 shows that q(θ′′) = qr(θ′′)

and therefore the arguments given in the paragraph above apply also to θ′′. Proceeding inductively

shows that q(θ) = qr(θ) for all types from which the incentive constraint binds and also for all types

slightly below them. If we call the closest pair where non-local incentive constraint bind (θc, θ̂c), then

the last step will show that all types on the interval (θ̂c, θc) must have q(θ) = qr(θ). The same jump

20Actually, this is not entirely true. On the interval (θε, θ
′) the change could lead to qc(θ) being non-monotone which

would violate local incentive compatibility. However, if this was the case one could use a standard ironing procedure to

�x this monotonicity problem and the rest of the proof would still apply for this ironed out version of qc(θ).
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argument as above shows then that q(θ) = qr(θ) also for θ̂c and types slightly below θ̂c. Now one can

again proceed inductively over all θ̂ to which non-local incentive constraints bind. This shows that

q(θ) = qr(θ) for all types which completes the proof.

Proof of proposition 3: Note that it is su�cient to show one of the two statements. Condition

C3 and lemma 4 together with lemma 3 will then imply the second statement.

Suppose contrary to the lemma that η(θ) was increasing on an interval of types [θ1, θ3] where non-

local ic is binding for θ1 and some θ̂1 < θ1. Now split this interval in half, i.e. in [θ1, θ2] and [θ2, θ3]

such that θ2 − θ1 = θ3 − θ2. De�ne for each θ ∈ [θ2, θ3] a corresponding type θ′ ∈ [θ1, θ2] such that

θ − θ2 = θ2 − θ′.

The following change in q(θ) will increase the principal's payo� thereby contradicting its optimality:

Increase q(θ) on [θ1, θ2] and decrease q(θ) on [θ2, θ3] such that (i) qcθ(θ) ≥ 0, (ii)
∫ qc(θ′)
q(θ′) cqθ(q, θ

′) dq =∫ q(θ)
qc(θ) cqθ(q, θ) dq. Such a q

c(θ) exists since q(θ) is strictly increasing at θ2 and cθ is continuous. Consider

marginally small changes δ. Then (ii) reads cqθ(q(θ), θ)δ(θ) = −cqθ(q(θ′), θ′)δ(θ′). 21

The change in the principal's payo� is∫ θ3

θ1

∫ qc(θ)

q(θ)
Sq(q(θ))− cq(q, θ) + (1− F (θ))cqθ(q, θ) dq dθ =

∫ θ3

θ1

∫ qc(θ)

q(θ)
η(θ)cqθ dq dθ

≈
∫ θ3

θ1

η(θ)cqθ(q(θ), θ)δ(θ) dθ =

∫ θ3

θ2

δ(θ)cqθ(q(θ), θ)(η(θ)− η(θ′(θ))) dθ > 0

The last inequality follows from δ(θ) < 0 and the fact that η(θ)− η(θ′) > 0 since η(·) was assumed to

be increasing on [θ1, θ3].

It remains to show that qc(θ) is incentive compatible. By (i) local incentive compatibility is given.

By construction, in particular (ii),
∫ θ3
θ1

∫ qc(θ)
q(θ) cqθ(q, θ) dq dθ = 0 and therefore non-local incentive con-

straints from any type above θ3 to any type below θ1 are not a�ected. For any type θ ∈ [θ1, θ3] note

that
∫ θ
θ1

∫ qc(t)
q(t) cqθ(q, t) dq, dt is negative and therefore non-local ic from θ to any θ̂ < θ1 is relaxed by

the change. From lemma 4 ic was not binding to any θ ∈ [θ1, θ3] and therefore small changes of q(·)

will not violate ic.

Proof of lemma 8: Take a type θ̂ to which non-local incentive constraint is binding. Suppose

21Let me be a bit more precise about �marginally small changes� and the existence of qc(·): Write δ(θ′) =

−δ(θ) cqθ(q(θ),θ)

cqθ(q(θ
′),θ′) . Denote

cqθ(q(θ),θ)

cqθ(q(θ
′(θ)),θ′(θ)) by k(θ). From the assumptions on c(·), k(θ) is continuously di�erentiable.

Furthermore, k(θ2) = 1.

If k′(θ2) < 0, it is possible to set qc(θ) = q(θ2) for all types in some interval [θ2, θ2 + ε] with ε > 0; i.e. when doing

so qcθ(θ
′) ≥ 0 for the corresponding types θ′ ∈ [θ2 − ε, θ2]. Now set θ1 = θ2 − ε and θ3 = θ2 + ε. Note that setting

qc∗ = αq(θ2) + (1 − α)q(θ) for θ ∈ [θ2, θ2 + ε] is also admissible. With marginal change I refer to the limit case where

α→ 0.

If k′(θ2) > 0, on can set qc(θ′) = q(θ2) for all θ′ ∈ [θ2 − ε, θ2] and continue analogously.

36



that q(·) is discontinuous at θ̂, i.e. q−(θ̂) < q+(θ̂). Binding incentive constraint means that either (i)∫ θ
θ̂

∫ q(t)
q−(θ̂)

cqθ(q, t) dq dt = 0 or (ii)
∫ θ
θ̂

∫ q(t)
q+(θ̂)

cqθ(q, t) dq dt = 0.

In case (i) it must hold that
∫ θ
θ̂ cqθ(q

−(θ̂), t) dt ≤ 0 which is just C2 adapted to apply for a right hand

side discontinuity, i.e. if this did not hold incentive compatibility would be violated for θ and θ̂−ε. But

then
∫ θ
θ̂

∫ q+(θ̂)

q−(θ̂)
cqθ(q, t) dq dt < 0 from cqqθ < 0. Hence, Φ(θ, θ̂+) = Φ(θ, θ̂−)+

∫ θ
θ̂

∫ q+(θ̂)

q−(θ̂)
cqθ(q, t) dq dt < 0

as Φ(θ, θ̂−) = 0 by assumption. That is incentive compatibility is violated from θ to types slightly

above θ̂. This is the desired contradiction.

In case (ii) it must hold that
∫ θ
θ̂ cqθ(q

+(θ̂), t) dt ≥ 0. But then
∫ θ
θ̂

∫ q+(θ̂)

q−(θ̂)
cqθ(q, t) dq dt > 0 from

cqqθ < 0. Consequently, Φ(θ, θ̂−) = Φ(θ, θ̂+) −
∫ θ
θ̂

∫ q+(θ̂)

q−(θ̂)
cqθ(q, t) dq dt < 0 and therefore incentive

compatibility is violated from θ to types slightly below θ̂.

Now turn to types θ from which the incentive constraint is binding non-locally. Suppose q(θ) is

discontinuous at θ′ ( and η(θ) potentially as well). By local incentive compatibility the decision has to

jump upwards, i.e. q−(θ′) < q+(θ′). By proposition 3, η(·) can only jump downwards at types from

which ic is binding, i.e. η−(θ′) > η+(θ′).22 If one plots all q, η pairs satisfying equation (5) for θ′,

exactly one η results for each q by the de�nition of η. Since the derivatives of c(·) are continuous and

di�erentiable, so is the resulting function η(q). Its slope is given by

ηq(q) =
{Sqq(q)− cqq(q, θ′)}f(θ′) + (1− F (θ′)− η(θ′))cqqθ(q, θ

′)

cqθ(q, θ′)

q ≥ qfb(θ′) implies 1−F (θ′)−η(θ′) ≥ 0 and therefore the numerator is negative for q ≥ qfb(θ′). Hence,

ηq(q) > 0 if q ≥ qfb(θ′). But then η(q−(θ′)) ≥ η(q+(θ′)) with q−(θ′) < q+(θ′) and continuous η(q) is

impossible. Therefore q(θ) has to be continuous. By the de�nition of η(θ) this implies the continuity

of η(θ).

For types at which non-local incentive constraints are lax, the same argument as used for types

from which constraints bind shows that the decision and therefore η(θ) has to be continuous.

Proof of lemma 9: Suppose to the contrary that there exists an interval of types [θ1, θ3] such

that inequality (6) does not hold on this interval. Note that this implies 1−F (θ)−η(θ) < 0. Therefore

q(θ) > qfb(θ). Or to put it di�erently, if q(θ) ≤ qfb(θ) the lemma holds trivially. This is, for example,

the case for types with q(θ) = qr(θ), i.e. at the boundaries of Θ.

First, suppose that there [θ1, θ3] was an interval of types for which the non-local incentive constraint

is lax, i.e. `types in the middle'. De�ne θ2 = (θ1 + θ3)/2. Now change the decision in the following

way: (i) Increase q for all θ ∈ [θ1, θ2), (ii) decrease q for all θ ∈ (θ2, θ3], (iii) qcθ(θ) ≥ 0 and (iv)∫ θ3
θ1

∫ qc(θ)
q(θ) cqθ(q(θ), θ) = 0. From the strict monotonicity of q(θ) such functions qc(θ) clearly exist.

22Using proposition 3 requires that the decision is strictly increasing. But as lemma 11 will show this is the case

whenever q(θ) ≤ qfb as assumed here.
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Consider now a marginal change, i.e. qc(θ) − q(θ) → 0 for all types. Since (4) is satis�ed by q(θ)

and (6) is violated by assumption, this change will increase
∫ θ̄
θ [S(q(θ))− c(q(θ), θ)]f(θ) + (1− F (θ)−

η(θ))cθ(q(θ), θ) dθ (a second order approximation is su�cient to show this). But as all types in [θ1, θ3]

share the same η(θ) = η and
∫ θ3
θ1

∫ qc(θ)
q(θ) cqθ(q, θ) dq dθ = 0, it follows that the principle's payo� increases

as a result of the change. Since non-local incentive constraints were assumed to be lax, the change is

incentive compatible. This contradicts the optimality of q(θ).

Second, suppose [θ1, θ3] is such that non-local ic is binding from these types. Hence, ηθ(θ) < 0 for

θ ∈ [θ1, θ3]. It was just shown that (6) holds for the `types in the middle' and by the assumptions

q(θ) ≤ qfb(θ) and q(θ̄) ≤ qfb(θ̄) it holds also at the boundaries of Θ. Hence, if (6) was violated

for types from which ic binds non-locally, there will be two types where (6) holds with equality and

there will be a type θm where the left hand side of (6) is maximal. Therefore one can �nd intervals

[θa, θb] ⊆ [θ1, θ
m] and [θc, θd] ⊆ [θm, θ3] as well as a changed decision qc(θ) such that (i) qc(θ) ≥ q(θ) for

θ ∈ [θa, θb], (ii) q
c(θ) ≤ q(θ) for θ ∈ [θc, θd], (iii) q

c
θ(θ) ≥ 0, (iv)

∫ θ3
θ1

∫ qc(θ)
q(θ) cqθ(q(θ), θ) dq dθ = 0 and (v)∫ θ3

θ1

∫ qc(θ)
q(θ) η(θ)cqθ(q(θ), θ) dq dθ = 0. Consider a marginal change. Then

∫ θ̄
θ [S(q(θ)) − c(q(θ), θ)]f(θ) +

(1 − F (θ) − η(θ))cθ(q(θ), θ) dθ will increase because of (4) and the violation of (6). By construction,

i.e. by (v), this implies that the principal's payo� increases. Incentive compatibility from types in

[θ1, θ3] is relaxed and incentive compatibility to types in [θ1, θ3] was lax and is therefore not a�ected

by small changes. All other incentive compatibility constraints are not a�ected because of (iv). This

contradicts the optimality of q(θ).

If [θ1, θ3] is an interval to which ic binds, an adaptation of the proof in the second part gives the

result.

Proof of lemma 11: The decision q(θ) has to satisfy

[Sq(q(θ))− cq(q(θ), θ)]f(θ)− (1− F (θ)− η(θ))cqθ(q(θ), θ) = 0.

From the implicit function theorem, the sign of qθ(θ) can be determined. Note that q(θ) ≤ qfb(θ)

implies 1 − F (θ) − η(θ) ≥ 0. This in turn implies that the derivative with respect to q is negative.

Hence, the sign of qθ(θ) is the sign of the partial derivative of the equation above with respect to θ.

Denoting (1− F (θ)− η(θ)) by λ(θ) this derivative is

−cqθ(q(θ), θ) +
λ(θ)

f(θ)
cqθθ +

∂ λ(θ)/f(θ)

∂θ
cqθ(q(θ), θ). (11)

Now take a bunching interval [θ1, θ2] (closed or open). The �rst two terms are clearly positive as

q(θ1) ≤ qfb(θ1) implies λ(θ) ≥ 0. The third term is positive if ηθ(θ) ≥ 0 as then

∂ λ(θ)/f(θ)

∂θ
=
−f2(θ)− fθ(θ)(1− F (θ))

f2(θ)
− ηθ(θ)

f(θ)
+
fθ(θ)η(θ)

f2(θ)
< 0
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where the inequality comes from the monotone hazard rate assumption if fθ(θ) ≤ 0. If fθ(θ) > 0, then

qfb(θ) ≥ q(θ) implies λ(θ) ≥ 0 which ensures the inequality above.

Now suppose contrary to the lemma that an interval (θ1, θ2) exists in which types are bunched and

non-local incentive constraints are either binding to these types or are lax. Using the same argument

as in the proof of proposition 3 it becomes evident that η(θ) cannot be decreasing on the whole interval

(θ1, θ2). From the de�nition of η(θ) and the continuity of q on the bunching interval, it follows that

η(θ) is continuous and di�erentiable on this interval. Hence, if η(θ) is strictly decreasing somewhere

on this interval then there exists a type θ′ ∈ (θ1, θ2) where ηθ(θ
′) = 0. But this implies that q(θ) is

strictly increasing at θ′:

qθ(θ
′) = −

−cqθ(q(θ′), θ′) + (1− F (θ′)− η(θ′))cqθθ(q(θ
′), θ′) + ∂(1−F (θ′)−η(θ′))/f(θ)

∂θ′ cqθ(q(θ
′), θ′)

Sqq(q(θ′))− cqq(q(θ′), θ′) + 1−F (θ′)−η(θ′)
f(θ) cqqθ(q(θ′), θ′)

From q(θ′) ≤ qfb(θ′) it follows that 1− F (θ′)− η(θ′) ≥ 0. Hence the denominator is strictly negative

and the numerator is strictly positive from the monotone hazard rate assumption (same argument as

in the last paragraph). Therefore, qθ(θ
′) > 0 which contradicts that θ′ is in the bunching interval.

Consequently, ηθ(θ) ≥ 0 on the bunching interval (θ1, θ2). But with ηθ(θ) ≥ 0 it was shown that

qθ(θ) > 0 and therefore bunching is again contradicted.

Proof of lemma 12: Totally di�erentiating C1 and C2 yields

dθ̂

dθ
=
cqθ(q̂, θ)

cqθ(q̂, θ̂)
+

(cqq(q̂, θ)− cqq(q̂, θ̂))(cθθ(q, θ)− cθθ(q̂, θ))
cqθ(q̂, θ̂)cqθ(q̂, θ)

+
cqθ(q, θ)(cqq(q̂, θ)− cqq(q̂, θ̂))

cqθ(q̂, θ̂)cqθ(q̂, θ)
qθ(θ)

with the simpli�ed notation q = q(θ) and q̂ = q(θ̂). While the �rst fraction is negative, the second and

third fraction are jointly non-positive if

cθθ(q, θ)− cθθ(q̂, θ) + cqθ(q, θ)qθ(θ) ≤ 0.

But this last expression is equivalent to

∂2Φ(θ, θ̂)

∂θ2
≥ 0

which is satis�ed by the assumption that (θ, θ̂) minimized Φ(·). Hence, dθ̂/dθ < 0.

Also from totally di�erentiating C1 one obtains

dq̂

dθ̂
=
−cqθ(q̂, θ̂) + cqθ(q̂, θ)

dθ
dθ̂

cqq(q̂, θ̂)− cqq(q̂, θ)

The denominator is positive and therefore dq̂/dθ̂ < 0 would imply dθ̂/dθ < cqθ(q̂, θ)/cqθ(q̂, θ̂). But this

is, using the expression for dθ̂/dθ above, equivalent to −∂2Φ(θ, θ̂)/∂θ2 > 0 which is impossible as (θ, θ̂)

minimizes Φ(·). Hence, dq̂/dθ̂ ≥ 0.
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Knowing that dθ̂/dθ < 0 and dq̂/dθ̂ ≥ 0, condition C1 can only be satis�ed if qθ(θ) > 0 (keeping

in mind that cqθθ > 0).

Proof of proposition 4: The condition obviously holds also for k ∈ [s(θ), qfb(θ)]. But then it

certainly holds for k = q∗(θ) where the star denotes the optimal solution in this proof. Multiplying

the su�cient condition through with cqqθ(q, θ) and rearranging gives

Sqq(q)− cqq(q, θ)−
Sq(q

∗(θ), θ)− cq(q∗(θ), θ)
cqθ(q∗(θ), θ)

cqqθ(q, θ) < 0.

Multiplying the inequality by f(θ) and subsequently adding and subtracting (1 − F (θ))cqqθ(q, θ) on

the left hand side yields

(Sqq(q)−cqq(q, θ))f(θ)+(1−F (θ))cqqθ(q, θ)−
(Sq(q

∗(θ), θ)− c∗q(q(θ), θ))f(θ)

cqθ(q∗(θ), θ)
cqqθ(q, θ)−(1−F (θ))cqqθ(q, θ) < 0

but this is equivalent to

(Sqq(q)− cqq(q, θ))f(θ) + (1− F (θ)− η(θ))cqqθ(q, θ) < 0. (12)

Therefore, the left hand side of the necessary ��rst order condition� Sq − cq + (1 − F − η)cqθ = 0 is

strictly decreasing in q and the solution is therefore unique for every type. Furthermore, the solution

cannot jump at a type θ′ from which the incentive constraint binds non-locally: By proposition 3 and

the de�nition of η(θ), η(θ) would have to jump down at θ′. To satisfy monotonicity q(θ) would have

to jump up at θ′. But with (12) and cqθ < 0 the two jump directions cannot be reconciled (with

Sq − cq + (1− F − η)cqθ = 0). For the same reason q(θ) cannot jump at a θ where non-local incentive

constraints are not binding (see proposition 2). At types to which the non-local incentive constraint is

binding jumps are impossible anyway (lemma 8).

The second condition is certainly stronger than the �rst and therefore continuity is implied. Note

that F/f ≥ (Sq − cq)/cqθ can be rearranged by multiplying with f and adding 1 on both sides such

that
Sq(q)− cq(q, θ)

cqθ(q, θ)
f(θ) + 1− F (θ) ≤ 1

which is equivalent to η(θ) ≤ 1.

Proof of proposition 5: Suppose the optimal decision q(θ) was above the �rst best decision

for some types. Since there is no distortion at the top by assumption and since the optimal decision

cannot drop discontinuously downward (local incentive compatibility), there has to be a type θ′ at

which the optimal decision intersects qfb(θ) from above. The proof works now in two steps. First, I

show that a non local incentive constraint must bind from θ′ and second that then non local incentive

compatibility is violated for some type close to θ′.
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Note that q(θ) > qfb(θ) if and only if η(θ) > 1− F (θ). Since 1− F (θ) is decreasing and q(θ) > (<

)qfb(θ) slightly above (below) θ′, it follows that ηθ(θ
′) is negative. But then, by proposition 3, a non

local incentive constraint has to be binding from θ′ to some θ̂′. Furthermore, the necessary condition∫ q(θ)
q(θ̂′)

cqθ(q, θ
′) dq = 0 has to hold.

Next consider a type θ′′ = θ′−ε with ε > 0 very small. Since qm(θ) is increasing and
∫ q(θ)
q(θ̂)

cqθ(q, θ
′) dq =

0, clearly
∫ qfb(θ′′)
q(θ̂′)

cqθ(q, θ
′′) dq < 0. Since q(θ′′) > qfb(θ′′), it has to hold that

∫ q(θ′′)
q(θ̂′)

cqθ(q, θ
′′) dq < 0 as

well. The same inequality holds for all θ ∈ (θ′′, θ′). But then Φ(θ′′, θ̂′) = Φ(θ′, θ̂′)+
∫ θ′
θ′′

∫ q(t)
q(θ̂′)

cqθ(q, t) dq dt <

0, i.e. incentive compatibility from θ′′ to θ̂′ is violated. Hence, the optimal decision cannot be above

the �rst best decision.

Continuity of the optimal decision is now straightforward: q(θ) ≤ qfb(θ) implies that 1 − F (θ) −

η(θ) ≥ 0. Therefore, the left hand side of the �rst order condition Sq − cq + (1 − F − η)cqθ = 0 is

strictly decreasing in q. The same arguments as in the proof of proposition 4 show that q(θ) has to be

continuous. Strict monotonicity is implies by lemma 11.

Proof of lemma 13: That upwards incentive constraints are lax within each of the intervals [θ, θ′),

(θ′, θ′′) and (θ′′, θ̄] is obvious. Local incentive compatibility at θ′′ requires
∫ q′′+
q′′−

cqθ(q, θ
′′) dq ≤ 0. This

implies (together with the monotonicity of q(·) from local ic and the assumption on third derivatives

of c(·)) that no type in (θ′, θ′′) wants to misrepresent as a type in (θ′′, θ̄].

Next consider a type θ ∈ [θ, θ′) and a type θ̂ ∈ (θ′, θ′′). De�ne θ̃ ∈ [θ, θ′) such that q(θ̃) = q(θ̂).

Then,

Φ(θ, θ̂) = Φ(θ̃, θ̂)−
∫ θ̃

θ

∫ q(θ̂)

q(t)
cqθ(q, t) dq dt > 0

given that Φ(θ̃, θ̂) = 0 and incentive compatibility between θ̃ and θ. If θ̂ > θ′′ again lcoal ic at θ′′

requires
∫ q′′+
q′′−

cqθ(q, θ
′′) dq ≤ 0 which in turn implies Φ(θ, θ̂) > 0 (together with the assumptions on third

derivatives of c(·)). This proves the �rst statement of the lemma.

For the second statement, note �rst that incentive compatibility at θ′′ implies that no type θ > θ′′

wants to misrepresent as a type θ̂ ∈ (θ′, θ′′) as

Φ(θ, θ̂) = Φ(θ, θ′′) +

∫ θ

θ′′

∫ q(θ̂)

q′′−

cqt(q, t) dq dt+

∫ θ′′

θ̂

∫ q(θ̂)

q(t)
cqt(q, t) dq dt > 0

given that ic is satis�ed between θ and θ′′.

Note second that also no θ ∈ (θ′, θ′′) wants to misrepresent as θ̂ ∈ [θ∗∗, θ′): To see this de�ne

θ̃ ∈ (θ′, θ′′) such that q(θ̃) = q(θ̂) and assume for now that such a type exists. Then

Φ(θ, θ̂) = Φ(θ̂, θ̃) +

∫ θ̃

θ

∫ q(t)

q(θ̂)
cqt(q, t) dq dt > 0.
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Now look at the case where θ̃ does not exist which implies θ̂ > θ∗. Then

Φ(θ, θ̂) = Φ(θ′, θ̂) +

∫ θ

θ′

∫ q(θ̂)

q(t)
cqt(q, t) dq dt > 0

where the inequality follows from
∫ q′+
q′−

cqθ(q, θ
′) dq ≥ 0 and the assumptions on third derivatives of c(·).

Third, no type θ ∈ (θ′′, θ̄] wants to misrepresent as a type θ̂ ∈ [θ∗∗, θ′). This follows from

Φ(θ, θ̂) = Φ(θ′′, θ̂)−
∫ θ

θ′′

∫ q(t)

q(θ̂)
cqt(q, t) dq dt > 0

where the inequality follows from incentive compatibility between θ and θ′′.

Fourth, the incentive constraint cannot bind to any θ̂ < θ∗∗. Suppose it did and denote θ̃ as the type

such that q(θ̃) = q(θ′′). Consider Φ(θ′′, θ̂) = Φ(θ, θ̂) + Φ(θ′′, θ̃) −
∫ θ′′
θ

∫ q(θ̃)
q(θ̂)

cqθ(q, t) dq dt − Φ(θ, θ̃) < 0

where the inequality follows from the necessary condition
∫ q(θ)
q(θ̂)

cqθ(q, θ) dq = 0 and cqθθ > 0.

The only interesting case for the no overlap property is therefore θ# ∈ (θ′′, θ̄], θ ∈ (θ′, θ′′) and

θ̂, θ̂# ∈ [θ, θ∗∗). But supposing that Φ(θ, θ̂) = Φ(θ#, θ̂#) = 0 with θ̂ < θ̂# < θ < θ#, incentive

compatibility between θ# and θ̂ would be clearly violated. For all other cases the no overlap property

is even more obvious. Therefore, the no overlap property holds.

C. Existence of an optimal contract

This appendix shows that an optimal contract exists and therefore the characterization done in the

paper is meaningful. De�ne q̃ such that
∫ q̃

0 cqθ(q, θ̄) dq = 0. Since cqqθ < 0, q̃ is unique and therefore

properly de�ned.

Lemma 14. Any incentive compatible contract with a decision q(θ) above q̄ = max{qfb(θ̄), q̃} for some

type is dominated by a contract consisting of decision

qc(θ) = min{q(θ), q̄}

and transfers such that π(θ) = 0 and πθ(θ) =
∫ θ
θ −cθ(q(t), t) dt.

Proof. The concavity of the virtual valuation implies that the principal's payo� under qc(θ) is

higher than under q(θ). Hence, the lemma holds if the changed contract is incentive compatible.

Note that incentive compatibility of qc(θ) is obvious if q(θ) > q̄ for all θ. Now de�ne θm = inf{θ :

q(θ) > q̄}. Note that incentive compatibility from θm to any lower type is not a�ected by the change

from q(·) to qc(·) since Φ(θm, θ̂) does not change.

The next step is to see that q(θ) > q̄ for all θ > θm. The reason is that local incentive compatibility

does not allow for any decision in [s(θ), q̄] given the de�nition of θm. Furthermore, downward jumps
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to a decision below s(θ) would require that
∫ q−(θj)

q+(θj)
cqθ(q, θ

j) dq ≥ 0 at the jump type θj (for local

incentive compatibility). But by the de�nition of q̄ and from cqθθ > 0, this inequality cannot hold for

any type below θ̄ (and a jump at the boundary type θ̄ would not hurt the following argument).

Therefore, all types above θm will have q̄ as their changed decision. From lemma 3 it follows that

only incentive compatibility from types above θm to types below θm has to be checked. Therefore take

an arbitrary θ > θm and some θ̂ < θm. Then Φ(θ, θ̂) = Φ(θm, θ̂) −
∫ θ
θm

∫ q̄
q(θ̂)

cqθ(q, t) dq dt > 0 where

the inequality follows from the incentive compatibility between θm and θ̂ under q(θ), the de�nition of

q̃ and cqθθ > 0.

The following lemma states a su�cient condition for concentrating on monotonically increasing

decisions. But �rst some de�nitions are needed: De�ne qs(q, θ) ≥ s(θ) for any q ∈ [0, s(θ)] such

that cθ(q, θ) = cθ(q
s(q, θ), θ). Furthermore, de�ne qv(q, θ) > qfb(θ) for any q ∈ [0, s(θ)] such that

S(q) − c(q, θ) = S(qv(q, θ)) − c(qv(q, θ), θ). Note that due to the concavity of cθ(·) and of S(·) − c(·)

in q all these functions are well de�ned. Last de�ne qf (θ) such that qs(qf (θ), θ) = qfb(θ).

Lemma 15. If qv(q, θ) ≥ qs(q, θ) for all q ∈ [0, qf (θ)] and all θ ∈ [θ, θ̄], then any decision function

q(θ) which imposes decisions below s(θ) for some type is dominated by the following changed decision:

qc(θ) =


q(θ) if q(θ) ≥ s(θ)

qs(θ) else

Note that the imposed condition is automatically satis�ed for q close to qf (θ) by assumption 2.

Hence, the condition roughly says that qs(q, θ) is not much steeper in q than qv(q, θ). This is, for

example, true if S(·)− c(·) and cθ(·) are both symmetric in q, i.e. S(qfb(θ)−∆)− c(qfb(θ)−∆, θ) =

S(qfb(θ) + ∆) − c(qfb(θ) + ∆, θ) and cθ(s(θ) − ∆, θ) = cθ(s(θ) + ∆, θ) for any arbitrary ∆ as then

qvq (q, θ) = qsq(q, θ) = −1.

Proof. First, it is shown that the principal's payo� is higher under qc(θ) than under q(θ): The

principal maximizes expectation of S(q)− c(q, θ) + (1− F (θ))/f(θ)cθ(q, θ). By the de�nition of qs(θ),

the cθ term is not a�ected by changing q(θ) to qc(θ). The �rst best surplus, however, increases: If

qs(q, θ) ≤ qfb(θ), then this is obvious from the concavity of S(q)− c(q, θ) in q. If qs(θ) > qfb(θ), then

the same conclusion follows from qv(θ) ≥ qs(θ) > qfb(θ) and the concavity of S(q)− c(q, θ).

Second, the changed decision qc(θ) is monotonically increasing: From local incentive compatibility

q(θ) was already increasing wherever it was above s(θ). At types with q(θ) < s(θ) the decision q(θ)

had to be decreasing because of local incentive compatibility. But then qs(q(θ), θ) is clearly increasing

in θ for these types because of cqθθ > 0. This leaves types at which q(θ) jumped discontinuously over

s(θ). But at these jump types local incentive compatibility required cθ(q
−(θ), θ)− cθ(q+(θ), θ) ≥ 0 at
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downwards jumps (and the converse inequality at upwards jumps) across s(θ). This implies that also

at jump points of q(θ) monotonicity of qc(θ) is guaranteed.

Third, the changed decision qc(θ) is incentive compatible: Since qc(θ) is monotonically increasing

only downward misrepresentation has to be considered (see lemma 3). Note that the pro�t function

π(θ) was not a�ected by the change from q(θ) to qc(θ) because of the de�nition of qs(θ) and πθ(θ) =

−cθ(q(θ), θ) by local incentive compatibility. Therefore, one has only to check whether any type wants

to misrepresent as a lower type θ̂ at which q(θ̂) < s(θ̂). Since π(θ) is unchanged, one can still write

incentive compatibility under the changed decision as

Φc(θ, θ̂) = −
∫ θ

θ̂

∫ q(t)

qc(θ̂)
cqθ(q, t) dq dt = −

∫ θ

θ̂

∫ q(θ̂)

qc(θ̂)
cqθ(q, t) dq dt−

∫ θ

θ̂

∫ q(t)

q(θ̂)
cqθ(q, t) dq dt

= Φ(θ, θ̂) +

∫ θ

θ̂

∫ qc(θ̂)

q(θ̂)
cqθ(q, t) dq dt > 0

where the inequality follows from
∫ qc(θ̂)
q(θ̂)

cqθ(q, θ̂) dq = 0 by the de�nition of qs(·) and cqθθ > 0.

Lemma 16. Take a sequence of incentive compatible decision functions23 qn(θ) ≤ q̄, n = 1, 2 . . . , and

let this sequence converge to q(θ). Then q(θ) is incentive compatible.

Proof. De�ne c̃qθ = maxq∈[0,q̄], θ∈[θ,θ̄] |cqθ(q, θ)|. Since [0, q̄]× [θ, θ̄] is compact and cqθ(·) is contin-

uous by assumption, c̃qθ exists.

Now suppose contrary to the lemma that Φ(θ, θ̂) = −ε for some θ, θ̂ ∈ Θ and ε > 0 and therefore

incentive compatibility is violated under q(θ). From convergence of {qn(θ)}, for each δ > 0 there exists

an Nδ such that |qn(θ)− q(θ)| ≤ δ for all types and all n > Nδ. Therefore,

Φ(θ, θ̂) =

∫ θ

θ̂

∫ q(t)

q(θ̂)
−cqθ(q, t) dq dt ≥

∫ θ

θ̂

∫ qn(t)

qn(θ̂)
−cqθ(q, t) dq dt−

∫ θ

θ̂
2δc̃qθ dt

for an arbitrary n > Nδ. But then choosing a δ < ε
2c̃qθ(θ̄−θ) shows that Φ(θ, θ̂) > −ε as Φn(θ, θ̂) ≥ 0

where Φn(·) denotes Φ(·) under qn(·). This contradicts the de�nition of ε and therefore q(θ) is incentive

compatible.

The problem of the principal is the program:

maxq(θ)

∫ θ̄

θ
(S(q(θ))− c(q(θ), θ))f(θ) + (1− F (θ))cθ(q(θ), θ) dθ

subject to

Φ(θ, θ̂) ≥ 0 for all θ, θ̂ ∈ [θ, θ̄]

0 ≤ q(θ) ≤ q̄
23An incentive compatible decision is a decision such that the menu consisting of this decision and transfers de�ned

by π(θ) =
∫ θ
θ
−cθ(q(t), t) dt is incentive compatible.
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Let W ∗ be the maximum value of the program. Take a sequence of decision functions such that

qn(θ) induce a value larger than W ∗− 1
n and each qn(θ) is incentive compatible . Since this paper only

looks at monotone solutions, we are only interested in cases where the sequence (or some subsequence)

can be chosen such that each qn(θ) is an increasing function. Then Helly's selection theorem, see

Billingsley (1986) Thm. 25.9, yields that there exists a non-decreasing function q(θ) which is the

limit of a subsequence qnk(θ) at every point of continuity of q(θ) and therefore almost everywhere on

[θ, θ̄]. Lebesgue's dominated convergence theorem, see Billingsley (1986) Thm. 16.4, yields that the

principal's payo� under q(θ) is W ∗. By lemma 16, q(θ) is implementable and therefore an optimal

contract exists.

D. A numerical example

This section uses example 1 from the main text and numerically calculates the solution. Hence, the

cost function is given by cqθ(a, θ) = θq + q2

θ −
θ
3 . The principal's valuation function is S(q) = 8q

5 .

Furthermore, I assume that types are distributed on [1/4, 3/4] according to a triangular density with

a �cushion� (to prevent f(θ) = 0). I use the density f(θ) = 4/5(8θ − 2). Recall from section 6 that

with this parameter values the su�cient condition in proposition 4 is met. The solution will therefore

be continuous.

The �rst order condition for the relaxed solution is(
8

5
− θ − 2q

θ

)
∗ 4

5
(8θ − 2) +

33 + 64θ − 144θ

40

(
1− 2q

θ2

)
= 0

which leads to the relaxed solution

qr(θ) =
−347θ2 + 1660θ3 − 2444θ4

330 + 1440θ2
.

The expression for q(θ, η) and Φη(θ, θ̂) are slightly messy and left out for the sake of readability.

However, Φη(θ, θ̂) can be numerically minimized. The result is that the non local incentive constraint

is in this example binding only from θ̄ to θ and η̄ ≈ 0.47298. This means that θ̄ and θ minimize

Φη(θ, θ̂) for all η ≤ η̄. Furthermore, Φη̄(θ̄, θ) = 0. Consequently, there is distortion at the top and the

optimal decision is q(θ) = q(θ, η̄) or

q(θ) =
−110399

1250 θ2 + 2944
5 θ3 − 432θ4

17601
625 + 288θ2

.

Graphically, one can see nicely that q(θ) (upper solid line) is above qr(θ) (dotted line) for all types

and that q(θ) is above qfb(θ) (dashed line) for high types.
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Figure 6: numerical example
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