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Abstract

This work investigates the e¤ects of competition on �rms�cash holdings. I develop an industry equi-

librium model of capital structure where �rms are subject to idiosyncratic shocks and hoard cash to avoid

ine¢ cient liquidation. Competition is intensi�ed by a fall in entry barriers or an increase in the degree

of product substitutability. I �nd that a rise in product substitutability has an ambiguous e¤ect on cash.

On the one hand, it raises pro�ts�volatility reinforcing the precautionary motive for holding cash. But

on the other hand, by increasing the risk of bankruptcy, it reduces leverage and the need of liquidity. On

the contrary, a reduction in entry barriers unambiguously decreases the amount of liquidity. Lower entry

barriers increase the number of �rms in equilibrium, reducing pro�ts and increasing the risk of default.

For this reason, �rms have lower leverage, face smaller interest payments and need less cash to avoid

ine¢ cient liquidation.
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1 Introduction

In two distinct empirical studies, Opler et al. (1999) and Bates et al. (2009) document that

U.S. corporations hold substantial amounts of cash reserves. Bates et al. (2009) also show

that, in the period from 1986 to 2006, corporate cash holdings have increased signi�cantly and

that this phenomenon is mainly driven by changes in �rms�characteristics. Although �rms�

cash policy received increasing attention from the academic literature (for example Almeida

et al. (2004) and Acharya et al. (2007)), there is still a lack of theoretical understanding of the

mechanisms that relate �rms�cash policy to the market structure and business conditions.

In this work I investigate how product market competition a¤ects �rms�cash policy and

capital structure decisions.

A theoretical framework designed to analyze the e¤ects of product market competition on

�rms�cash policy faces two major modeling issues. First, it has to specify the reason for �rms

to hold liquid assets. The agency theory (Jensen (1986)) suggests that, if there are no good

investment opportunities, con�icts between managers and shareholders can explain why �rms

accumulate cash. Without agency problems, but in the presence of �nancing constraints,

�rms need reserves of liquidity either to exploit pro�table investment opportunities or to

cushion short-run losses in periods of distress. Opler et al. (1999) and Bates et al. (2009)

�nd that agency considerations are not successful in explaining the observed increase in cash

holdings. They show that cash reserves are mainly used by the �rms to cover operating

losses rather than for capital expenditures or acquisitions. Lins et al. (2010) also �nd that

cash reserves act as a bu¤er against future cash shortfalls. For this reason, I examine a

model with imperfect capital markets where �rms use cash reserves to survive in periods of

low pro�tability.

The second modeling issue is how to de�ne competition. The theoretical literature has
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modeled a reduction in market power in two major ways. The �rst is a more aggressive

interaction between incumbents, like, for example, an increase in the degree of substitutabil-

ity between products or a switch from Cournot to Bertrand competition. The second is a

reduction in entry barriers. The problem of de�ning competition is not a trivial one be-

cause di¤erent forms of competition can have di¤erent equilibrium e¤ects on the industry

structure. For example, a reduction in entry barriers increases the number of �rms in the

industry and decreases market concentration. On the contrary, a more aggressive interaction

between incumbents may give rise to a reallocation of market shares in favor of the more

e¢ cient �rms (see Vickers (1995)) and induce the less e¢ cient ones to exit. This e¤ect re-

duces the number of active �rms in the industry and increases concentration (Aghion et al.

(1997), Boone (2000), Boone et al. (2007)). On the basis of this consideration, I examine a

fairly general framework which both allows to investigate the implications of di¤erent forms

competition and also accounts for equilibrium e¤ects.

The basic structure of the model is as follows. There is an industry with a large number

of competitors. Firms are subject to individual productivity shocks and hold an option

to irreversibly shut down their operations whenever market conditions become unfavorable.

Firms make entry, exit, and pricing decisions and choose their optimal capital structure.

Since the access to the capital market is constrained after the entry date, they also hoard cash

to avoid ine¢ cient liquidation. The capital structure plays a prominent role in determining

the optimal cash policy. Other things being equal, �rms with a high leverage face larger �xed

payments and need more cash to escape the threat of ine¢ cient liquidation. The intensity of

product market competition depends on two distinct factors. The level of the entry barriers,

as determined by the initial investment costs, and the ability to set the price above the

marginal production cost, as determined by the degree of product substitutability. The

prediction of the model is that di¤erent forms of competition can have remarkably di¤erent
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e¤ects on the level of �rms�liquidity reserves.

A rise in the degree of product substitutability has a non-monotonic e¤ect on the amount

of cash holdings. Consistently with the empirical evidence reported in Gaspar and Massa

(2006) and Irvine and Ponti¤ (2009), I show that higher substitutability between products

increases pro�ts�volatility. This is gives rise to two contrasting e¤ects. On the one hand,

the option value to remain active in the industry is more valuable. This implies that �rms

are willing to bear larger losses in periods of low pro�tability and need more cash to avoid

liquidation. But on the other hand, volatility increases the risk of bankruptcy and, for this

reason, pressures the �rms to reduce leverage. Then, with lower leverage, �rms need a smaller

amount of liquid assets to cover losses in periods of low pro�tability. While, in general,

the �rst e¤ect is dominant, and cash holdings increase with the elasticity of substitution,

for higher levels of elasticity the downward pressure due to the decrease in leverage may

dominate.

By contrast, a reduction in the barriers to entry unambiguously reduces the optimal level

of cash holdings. This is because lower barriers to entry increase the number of �rms in

equilibrium reducing pro�ts and increasing the risk of default. For this reason, �rms have

lower leverage, face smaller interest payments and need a lower amount of cash to avoid

ine¢ cient liquidation.

The analysis sheds light on the mechanisms that relate competition, leverage and cash

holdings, and is related in various ways to the existing literature. The closest work to mine

is a recent article by Morellec and Nikolov (2010), which also investigates the e¤ects of

competition on cash holdings. They develop a stylized real option model where managers

hold cash for precautionary reasons. The theoretical �ndings suggest, and the empirical

analysis con�rms, that stronger competition increases the amount of liquid assets held by

the �rms. Their focus, however, is mainly directed to the empirical analysis. The theoretical
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model captures in a simple fashion the e¤ects of product market competition by increasing

the exogenous number of �rms active in the market. This work shows that the qualitative

conclusions about the e¤ects of competition on �rms�cash holdings are largely dependent on

which aspects of competition are considered. Also, I give account of the interaction between

liquidity needs and optimal capital structure pointing out the importance of equilibrium

e¤ects.

I adapt the concept of stationary equilibrium introduced by Hopenhayn (1992) to a dy-

namic stochastic version of the Dixit-Stiglitz�s model of monopolistic competition. While

Hopenhayn (1992) employs a discrete time framework, my model is in continuous time

and, from a methodological point of view, is closer to Miao (2005) and Dixit and Pindyck

(1994, Chapter 8). Zhdanov (2007) develops a continuous time equilibrium model to study

the relation between competition and the optimal investment and �nancing strategies. In

his analysis, however, �rms are subject to industry-wide uncertainty so that the result-

ing equilibrium is non-stationary. Novy-Marx (2007) also investigates a competitive model

in continuous time with a non-stationary equilibrium. Industry models in discrete time

with non-stationary equilibria include Ericson and Pakes (1995) and Abbring and Campbell

(2010).

Murto and Terviö (2009) introduce a liquidity constraint in a dynamic exit model and

characterize the optimal default and dividend policy. They also analyze the steady state

equilibrium of a competitive industry and show that the liquidity constraint not only has

the direct e¤ect of imposing ine¢ cient exit, but also creates a price distortion that leads to

ine¢ cient survival. Gryglewicz (2010) studies a model with long-term uncertainty and short-

term liquidity shocks where the �rm simultaneously chooses cash holdings, capital structure,

dividends, and optimal default. These interactions result in a dynamic cash policy in which

the �rm smoothes dividend payments and cash reserves increase in pro�tability and are pos-
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itively correlated with cash �ows. Boyle and Guthrie (2003) also introduce credit constraints

in a real options model but they investigate a �rm�s entry choice, where uncertainty does

not a¤ect the ex-post investment cash-�ows but only the pre-entry availability of funds to

cover investment costs.

I organize this work as follows. Section 2 presents the general structure of the model and

describes the product and capital markets. Section 3 solves the model taking the capital

structure as exogenous. Section 4 investigates the optimal capital structure model. Finally,

Section 5 concludes. Proofs are in the Appendix.

2 The model

2.1 Production and demand

Time is continuous and indexed by t 2 [0;1). All stochastic processes are de�ned over a

probability space (
;F ;P). At each instant a representative consumer maximizes a utility

function over a continuum of goods indexed by �:

U =

�Z
�2�

q� (�) d�

� 1
�

; (1)

where q (�) is the consumption of good of quality �, and � is the set of varieties produced

in the industry. The utility function (1) displays constant elasticity of substitution between

products equal to � = 1
1�� , where � 2 (0; 1) is the degree of product substitutability. Utility

is maximized under the budget constraintZ
�2�

p (�) q (�) d� � Y; (2)

where Y is the exogenous consumer�s expenditure. Without any loss of generality Y is

normalized to one: As Dixit and Stiglitz (1977) show, the optimal consumption decision for

a single good implies that

q (�) =
1

P

�
p (�)

P

���
; (3)
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where

P =

�Z
�2�

p (�)1�� d�

� 1
1��

(4)

is an aggregate price index.

2.2 Firms

The production side is characterized by a continuum of in�nitesimal �rms, where each �rm

produces a single variety using labor as the only input for production. Labor is inelastically

supplied and is demanded in quantity

l = F +
q

 
; (5)

where F � 0 is a �xed component of labor demand common to all �rms, and  is the �rm-

speci�c productivity level. As in Melitz (2003) higher productivity is modeled as producing

a symmetric variety at lower marginal cost. Firms are subject to idiosyncratic shocks. Firm-

speci�c productivity follows a geometric Brownian motion:

d t
 t

= �dt+ �dWt; (6)

where � and � are the proportional drift and volatility. Brownian shocks are assumed to be

independent across �rms.

Beside the individual productivity shocks, I introduce another source of idiosyncratic

uncertainty. At every instant, �rms can exit for exogenous reasons not related to their

pro�tability. This event is modeled as a Poisson process with mean arrival rate �. Poisson

shocks are also assumed to be independent across �rms. The presence of the Poisson death

captures in a stylized way the fact each year a number of �rms exit the industry for exogenous

reasons not related to their pro�tability (see, for example, Dunne et al. (1988)). Furthermore,

it is necessary to guarantee the existence of a stationary equilibrium. Since the process for
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the productivity shock is non-stationary, without exogenous death the number of �rms with

a high productivity could grow unbounded (see also Miao (2005)).

Firms set prices to maximize their own pro�ts. Pro�t maximization yields the optimal

pricing rule:

p ( ) =
w

� 
, (7)

where w is the common wage rate also normalized to one, hereafter.1 I assume that prices

can be adjusted at no costs so that (7) holds at every instant. It follows that �rms generate

earnings before tax and interest payments (EBIT ) equal to:

EBIT =
1

�
(P� )��1 � F: (8)

Future earnings are discounted at a constant rate �.

Firms have the option to exit whenever pro�ts fall below an endogenously determined

threshold. De�ne  e as the productivity level such that, if  �  e, it is optimal to keep the

�rm alive while, if  <  e, it is optimal to exit. Exit is irreversible.

2.3 Aggregation

Call N the mass of �rms currently active in the market and f ( ) the distribution of the

productivity levels of those �rms. Since the productivity shock follows (6) and �rms volun-

tarily exit when  falls below  e, the distribution f ( ) is de�ned over the interval [ e;1).

Using the de�nition of P and the pricing rule (7), the aggregate price index becomes

P =
N

1
1��

�  A
; (9)

where

 A =

"Z 1

 e

 ��1f ( ) d 

# 1
��1

(10)

1The optimality of the pricing rule (7) in our context will be further discussed at the beginning of Section 3.
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is the weighted average productivity of the incumbent �rms. Substituting (9) in (8), and

rearranging, yields the following expression for EBIT :

EBIT =
1

�N

�
 

 A

���1
� F: (11)

Note that EBIT depend on the relative strength of the �rm in the market, given by the

ratio between the idiosyncratic productivity  and the industry average productivity  A.

For future reference, de�ne

R =
1

�N

�
 

 A

���1
(12)

as the revenues net of taxes and variable cost. It can be easily shown that R follows a

geometric Brownian motion:

dRt
Rt

= e� (�) dt+ e� (�) dWt; (13)

where e� (�) = (� � 1)�+ 1
2 (� � 2) (� � 1)�

2 and e� (�) = (� � 1)�. Note that the elasticity
of substitution � a¤ects both the drift and volatility of the revenue process. In particular,

� unambiguously increases the volatility coe¢ cent e� (�). This result is a key factor to

understand the optimal cash policy of the �rm, and will be further discussed in Sections 3

and 4.

The properties of the model are investigated in its long-run stationary equilibrium where

the industry-wide variables N and  A (and therefore P ) are constant over time. As in Miao

(2005), a law of large numbers for continuous random variables is assumed to hold. This

implies that idiosyncratic shocks cancel-out in the aggregate and ensures that the distribution

f ( ) is time invariant. Furthermore, in equilibrium the out�ow of �rms is o¤set by the

in�ow of new competitors, so that the mass of incumbents remains constant. Existence and

uniqueness of the stationary equilibrium will be established in Proposition 1.
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2.4 Debt and default

Corporate pro�ts are taxed at a constant rate � 2 (0; 1) with full loss-o¤set provisions.

Since interest payments are tax-deductible, debt creates tax bene�ts and �rms choose the

debt-equity mix that maximizes their value. Indicate by E the value of equity and DBT the

value of debt. The total value of the �rm, denoted by V , is given by the sum of equity and

debt, V = E +DBT . Debt has in�nite maturity and pays a constant coupon b, and �rms

can only be net borrowers, i.e. b > 0.2 It follows that the instantaneous pro�ts net of taxes

and interest payments generated by the �rm equal:

�(R) = (1� �) (R� F � b) : (14)

As customary in contingent claimmodels of optimal capital structure (for example, Leland

(1994), Leland and Toft (1996), Sundaresan and Wang (2007a,b) among others), the debt-

equity mix is chosen at the entry date to maximize the value of the initial equity holders.

Afterwards, for any t > 0, �rms can neither issue new debt nor extinguish or roll-over

the existing one. In case of default, �rms are liquidated and the liquidation value is a

fraction (1� ") of the value of an unlevered and unconstrained �rm, where " 2 (0; 1) is the

proportional liquidation cost. The value of an unlevered and unconstrained �rm is indicated

by Vu. Upon liquidation debt holders have absolute priority on the productive assets.

Le te be the optimal abandonment time. The unlevered and unconstrained �rm�s value is

given by the discounted stream of pro�ts plus the abandonment option, and can be described

as

Vu(R) = sup
te2T

E
�Z te

0
(1� �) e�(�+�)t (R� F ) dt

�
; (15)

where the maximization is over the set of possible abandonment times T . Note that dis-

counting takes into account the possibility of exogenous Poisson death.
2The reason for this assumption will be clari�ed in Section 4.
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2.5 Capital market and cash policy

Capital market imperfection is a necessary ingredient for liquid assets to play a meaningful

role. In order to generate liquidity needs, I shall investigate a rather extreme scenario de�ned

by the following assumption.

Assumption 1 Firm can raise external �nance only at the initial time t = 0.

Assumption 1 implies that �rms have free access to the capital market to �nance the

initial investment costs: Afterwards, they are unable to raise external funds and internal

liquidity reserves, indicated by M , are the only means to cushion negative shocks. The

impossibility to raise external funds implies that, if �rms run out of cash, they are forced out

of the market without any consideration for their future pro�tability. I assume that �rms

are forced to exit when liquidity reserves fall to zero, i.e. M = 0. Exit for liquidity reasons

is not e¢ cient and, to prevent this possibility, �rms hoard liquid asset.

Within the �rm cash reserves earn an interest at a free rate r. If the interest on liquidity

reserves is below the discount rate, r < �, hoarding cash is costly (for example, cash reserves

may earn a lower rate of return for agency reasons (Jensen and Meckling (1976)) and �rms

trade-o¤ costs of holding liquid assets, due the liquidity premium, and bene�ts, deriving

from the insurance provided against ine¢ cient liquidation. Here I follow Mello and Parsons

(2000) and Gryglewicz (2010), and assume the liquidity premium away. Hence, the following

assumption holds.

Assumption 2 Firms� liquidity reserves earn an interest equal to the discount rate, i.e.

r = �.

Assumption 2 implies that hoarding cash is costless and it is never strictly optimal to

pay out dividends. However, there exists a minimum level of cash reserves, indicated by M ,
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which allows the �rm to avoid ine¢ cient liquidation. De�ne Re = 1
�N

�
 e
 A

���1
as that level

of revenues net of taxes and variable costs that triggers default. The minimum level of cash

which allows the �rm to avoid ine¢ cient liquidation is:

M = max

�
0; (1� �)

b+ F �Re
r

�
: (16)

Intuitively, revenues could remain arbitrarily close to the exit boundary Re for an in�nite

time without falling below it. Then, M is that level of liquidity whose interest income is

su¢ cient to cover the worst-case losses under the optimal unconstrained policy.34 Since it

typically happens that �rms make losses at the exit date, M is in general strictly positive.

Conditions under which �rms voluntarily default when they are still making positive pro�ts

will be provided in the analysis below. Under Assumption 2, M is the (weakly) optimal

level of liquidity. I further assume that, if M > M , the excess liquidity is paid out to the

equity holders in the form of dividends. For this reason, in the remainder I refer toM as the

optimal amount of cash. Also, since Assumption 2 holds throughout, the discount factor �

will be replaced by the risk-free interest rate r.

2.6 Entry

At every instant there is an arbitrarily large number of potential producers ready to enter

the market. The industry entry rate is indicated by n. Potential entrants freely decide to

become active by paying a sunk investment cost I. At the time of entry t0, �rms draw their

initial productivity  0 from a uniform distribution u( ) de�ned over a common support�
 ;  

�
. A uniform distribution is useful to derive closed-form solutions for the stationary

equilibrium. Since �rms draw their initial productivity from the same distribution, they are
3Assume that the �rm is making losses at the time of exit, i.e. Re � b � F < 0: To avoid ine¢ cient liquidation a

�rm must be always able to meet its payments. Without access to external funds, this implies that the discounted stream

of interest income on cash must be su¢ cient to cover the discounted worst case losses, i.e.
R1
t e�(�+�)(s�t)rMds =

� (1� �)
R1
t e�(�+�)(s�t) (Re � b� F ) ds: Solving the integrals and rearranging yields the second term in the square brackets

in equation (16).
4We also assume that interest income on cash is not taxed. Introducing taxation would not alter the qualitative conclusions.
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Exit (voluntary default or
Poisson
death). Liquidation

Financing
(capital structure
and cash)

Draw of the initial
productivity ψ0

t0 time

Figure 1: Sequence of events and timing decisions.

identical ex-ante but di¤erentiate ex-post depending on the evolution of the idiosyncratic

shocks. Before knowing the value of the initial productivity, the initial equity holders choose

the initial level of liquid assets, indicated by M0, and the debt-equity mix to maximize their

expected value at the entry date. A summary of the timing decisions is found in �gure 1.

To �nd the initial optimal level of cash, it is useful to state an important relation between

cash holdings and the value of the �rm. That is, the value of a marginal unit of cash within

the �rm is larger or equal to one. Let the �rm�s value be V (M), where the dependence

on cash is made explicit while other variables are, for the moment, omitted for notational

convenience, and consider a �rm with cash reserves equal to M . If this �rm follows the

optimal cash policy, its value must be greater or equal to the value of a �rm which holds cash

reserves equal toM�dM and pays a �ow dividend dM , that is V (M) � V (M � dM)+dM .

Rearranging the inequality and letting dM go to zero yields V 0 (M) � 1. The intuition is
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that the value of cash is larger than its face value, that is V 0 (M) > 1, as long as the �rm

is at risk of ine¢ cient liquidation (i.e. M < M) while it is equal to its face value otherwise,

that is V 0 (M) = 1 if M �M .

Now, consider the initial �nancing problem and assume that raising external �nance

involves a �xed issuance cost equal to L � 0. The initial equity holders need to raise

external �nance to cover the sunk investment cost I and the initial cash reserves M0: Also

indicate by E�1(M) and DBT�1(M) the equity and debt values at the entry time, where

the subscript "�1" means that I am considering the expected values before the draw of the

initial productivity. If ! 2 (0; 1) is the fraction of equity obtained by the external equity

holders, then the following funding condition must hold:

I +M = !E�1(M) +DBT�1(M)� L. (17)

Rearranging the above equality, the initial expected value for the initial equity holders is

found as:

(1� !)E�1(M) = V�1(M)� L� I �M; (18)

where V�1(M) = E�1(M)+DBT�1(M) is the total expected value of the �rm. Initial equity

holders choose M0 to maximize their initial value. Di¤erentiating (18) with respect to M

yields V 0 (M) = 1 which, in absence of liquidity premium, it is true for anyM larger or equal

than M . Since, by assumption, the excess liquidity is paid out if M > M , then M0 equals

the minimum amount of cash that allows to avoid ine¢ cient liquidation, i.e. M0 =M . Also,

given that M yields an interest income su¢ cient to cover the worst-case losses, the amount

of liquidity reserves held by the �rms will be constant over time and equal to M .

Admittedly, my framework outlines a simpli�ed scenario in that cash holdings are not

a¤ected by business conditions and are large enough for constrained �rms to be de facto

unconstrained. Although this is a simpli�cation, it captures in a stylized way the empirical

14



evidence reported by Opler et al. (1999) that �rms hold large amounts of liquidity and

have a target cash level. Furthermore, the purpose of the model is neither to explain cash

holdings dynamics nor to give quantitative predictions about the optimal amount of liquid

assets. Rather, the ultimate goal is to investigate the qualitative e¤ects of competition on

cash holdings. Under my assumptions, closed-form solutions for the industry equilibrium

and the optimal level of cash can be derived, and this allows to clearly identify the key

mechanisms at the basis of �rms�cash policy.

In a competitive equilibrium, �rms enter the market as long as the value for the initial

equity holders is larger than zero. Using equation (17), this implies that the following entry

condition must hold:

V�1 = L+ I +M: (19)

Equation (19) reveals that, although holding cash within the �rm is costless (there is no

liquidty premium, as stated in Assumption 2), raising cash is costly for the initial equity

holders because it increases the costs of entry.

2.7 Equity and debt

Since the amount of cash held by the �rms is constant and equal to M , the value of equity

(net of liquid assets) and debt depends exclusively on the economic fundamentals, that is

the level of pro�ts as determined by the idiosyncratic productivity. Therefore, the value of

equity is given by the discounted stream of pro�ts until the abandonment time te:

E(R) = (1� �) sup
te2T

E
�Z te

0
e�(r+�)t (R� F � b) dt

�
: (20)

The value of debt is given by the stream of coupon payments until default plus the present

value at the abandonemnt time of the unconstrained and unlevered �rm:

DBT (R) = E
�Z te

0
e�(r+�)tbdt

�
+ (1� ")Vu(R)E

h
e�(r+�)te

i
: (21)
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The abandonment time te is chosen to maximize equity holders value.

2.8 Model solution

The goal of this work is to investigate the e¤ects of competition on the optimal amount of

cash holdings. In the present model, the intensity of competition depends on two factors.

The �rst is the elasticity of substitution between products. The second is the entry barriers

(i.e. the entry costs).

To analyze the e¤ects of exogenous changes in competition, it is easier to think about

product elasticity and barriers to entry as di¤erent dimensions of market regulation (see, for

example, Blanchard and Giavazzi (2003)). Then, a reduction in the entry barriers can be

interpreted as a fall in legal and administrative costs of establishing a new �rm. Equation

(19) shows that, given the initial amount of liquidity reserves, the costs of entry (which in the

model represent the entry barriers) depend on the sunk investment cost I and the �xed the

issuance cost L. I assume that legal and administrative costs, possibly subject to exogenous

changes, are included in L. By contrast, I think of I as the physical costs of investment and I

assume these costs to be constant over time (in absence of major aggregate shocks, physical

costs of investment are likely to remain roughly stable). Thus, the intensity of competition

is increased by a reduction of L.

Following a similar reasoning, an increase in the degree of product substitutability should

be interpreted more as a reduction in tari¤barriers or the implementation of standardization

policies rather than a change in consumer�s tastes. The result of these measures is indeed

to make products easier to substitute and to reduce the monopoly rents of the incumbents.

Thus, one can think of the utility function (1) as a reduced form to encompass di¤erent

economic factors which a¤ects the degree of substitutability between products. In the re-

mainder, I investigate the distinct e¤ects of an increase in � and an decrease in L on the
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optimal amount of cash M .

Before proceeding, it is useful to brie�y summarize the structure of the model and to

discuss its implications for the solution. I de�ned an industry with a continuum of �rms and

an unbounded number of potential entrants. Active �rms do not have access to the capital

market and use their reserves of liquidity to survive in periods of negative pro�tability

(Assumption 1). Holding liquid assets involve no costs (Assumption 2), and �rms hold the

minimum amount of cash that allows to avoid ine¢ cient liquidation. Thus, they are de

facto unconstrained. For this reason the total value of the �rms is entirely determined by

the economic fundamentals. From a technical point of view, this implies that the valuation

problem can be solved by an ordinary di¤erential equation. Whenever cash reserves are not

su¢ cient to surely avoid ine¢ cient liquidation, the value of the securities, namely equity

and debt, will also depend on the level of cash reserves and must be found as a (numerical)

solution of a partial di¤erential equation (see Murto and Terviö (2009)).

The properties of the model are investigated in a long-run stationary equilibrium where

the industry-wide variables remain constant over time. This means that the industry appears

as "static" from an aggregate perspective but, at the �rm-level, a rich dynamic is still present.

Individual �rms undergo idiosyncratic productivity shocks and experience changes in their

pro�tability. Some of them optimally decide to exit, some others die due to the Poisson

shocks, while new producers enter the industry until the equilibrium entry condition (19) is

restored.

The fact that the industry-wide variables are time invariant implies two things. First,

incumbent �rms do not have any incentive to engage in predatory pricing strategies to force

their competitors out of the market. Thus, at each instant, (7) is indeed the optimal pricing

rule. Second, the pro�tability of the individual �rm is determined by the �uctuations of its

own productivity and not by the actions of its competitors. Thus, each �rm chooses cash and
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exit policy free from strategic considerations, and this implies that its value can be found

with the same standard methods used for the valuation of a single monopolistic �rm.

3 Exogenous leverage

In this section I investigate the properties of the model by taking the coupon payment b as

exogenously given. The motivation is twofold. First, this investigation includes as a sub-case

the analysis of an unlevered �rm which produces with �xed costs equal to F +b. Second, the

optimal cash policy has a full analytical characterization and allows a clear identi�cation of

one of the driving forces that shape the optimal cash policy.

3.1 Equilibrium

To begin with, I de�ne the long-run stationary equilibrium and prove its existence and

uniqueness. This is a necessary step because, if a stationary equilibrium does not exists, the

mass of active �rms N� and the average productivity  �A change over time, and the integrals

(20) and (21) cannot be evaluated with standard methods. I restrict my attention to the

(unique) equilibrium where the productivity level that triggers exit is lower than the initial

productivity draw, that is  >  e. This condition must be veri�ed in equilibrium. Possible

equilibria where �rms enter and immediately exit are not considered.

A stationary equilibrium is de�ned by a distribution of productivity levels f� ( ), a rev-

enue exit threshold R�e, an entry rate n
�, and an amount of liquid assets M

�
such that:

1. �rms set their prices according to (7),

2. R�e is chosen to maximize the value of equity,

3. the entry condition (19) is satis�ed,

4. the distribution f� ( ) is an invariant measure over the interval  2 [ �e;1),
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5. each �rms holds liquidity reserves equal to M
�
= max

h
0; (1� �) b+F�R

�
e

r

i
.

When entry rate n� and the distribution f� ( ) are determined, the mass of active �rms

and the average productivity in equilibrium can be found as N� = n�
R1
 �e
g� ( ) d and

 �A =
h
n�
R1
 �e
 ��1g� ( ) d 

i 1
��1
, respectively. Point 1 above says that �rms set the optimal

market-clearing prices, point 2 means that they choose the exit time to maximize equity

holders�value, while point 3 is the equilibrium entry condition. These conditions are standard

requirements in competitive equilibrium models. In addition, point 4 is a consequence of the

law of large numbers while point 5 is the liquidity requirement.

The next proposition establishes the existence and uniqueness of the stationary equilib-

rium.

Proposition 1 Assume that

r + �� e� (�) > 0; (22)

�+ �� �2 > 0; (23)

� +
�� 1

2�
2 �

q�
�� 1

2�
2
�2
+ 2�2�

�2
< 0: (24)

Then, there exists a unique stationary equilibrium such that  >  �e.

As it is shown in the proof of the proposition, assumption (22) serves to keep the value

of an active �rm bounded. Assumption (23) is necessary for the existence of the stationary

distribution f� ( ) while assumption (24) guarantees that some higher moments of the sta-

tionary distribution are �nite. Note that, for these assumptions to hold, it is su¢ cient that

the Poisson death rate � is large enough.

To prove the existence of the stationary equilibrium, I use the argument of Dixit and

Pindyck (1994, Chapter 8), and Miao (2005), and solve for the density g� ( ) of the distribu-

tion f� ( ) scaled by the entry rate n, such that f ( ) = ng ( ). Formal details are relegated

to the Appendix A.2.
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3.2 Securities valuation and cash policy

Once the stationary values for the mass of active �rm N� and the average productivity  �A

are determined, the integrals in (20) and (21) are easily evaluated. As a preliminary step, I

�rst �nd the value of the unconstrained and unlevered �rm.

Proposition 2 The value of the unconstrained and unlevered �rm is equal to

Vu(R) = (1� �)

�
R

r + �� e� (�) � F

r + �

�
+

+(1� �)

�
F

r + �
� Ru;e
r + �� e� (�)

��
R

Ru;e

� e�(�)
; (25)

where

e� (�) = 1

2
� e� (�)e� (�)2 �

vuut" e� (�)e� (�)2 � 12
#2
+

2re� (�)2 < 0; (26)

The level of revenues that triggers exit is:

Ru;e =
e� (�)e� (�)� 1 r + �� e� (�)

r + �
F: (27)

Assumption (22) in Proposition 1 guarantees that Vu(R) is bounded. Then, the proposi-

tion below de�nes the value of equity and debt.

Proposition 3 The value of equity is equal to:

E(R) = (1� �)

�
R

r + �� e� (�) � F + b

r + �

�
(28)

+(1� �)

�
F + b

r + �
� R�e
r + �� e� (�)

��
R

R�e

� e�(�)
;

where

R�e =
e� (�)e� (�)� 1 r + �� e� (�)

r + �
(F + b) : (29)

The value of debt is equal to

DBT (R) =
b

r + �
+

�
(1� ")Vu �

b

r + �

��
R

R�e

�e�(�)
: (30)

Firms default as soon as revenues fall below R�e.

20



The value of equity is given by two terms. The �rst is the discounted stream of pro�ts

until the abandonment time. The second is the option value of �exibly choosing the time of

default, also interpreted as the option value to stay alive in periods of distress. The value

of debt is given by the discounted stream of coupon payments plus the present value of the

unlevered �rm recovered at default. In equation (29), the ratio
e�(�)e�(�)�1 < 1 is interpreted as a

waiting option premium and measures the proportion by which the expected revenues should

go below the discounted stream of costs to induce the �rm to shut down its operations.5 The

lower
e�(�)e�(�)�1 , the stronger is the willingness of the �rm to bear losses and the relatively

larger the option value to stay alive. Substituting the expression for the exit threshold (29)

in equation (16), the expression for the optimal amount of cash can be obtained.

Proposition 4 The optimal amount of cash is:

M
�
= max

(
0; (1� �)

F + b

r

"
1� r + �� e� (�)

r + �

e� (�)e� (�)� 1
#)

: (31)

Note that cash holdings are zero if e� (�) � (r+�)e�(�) . The intuition is that, when the propor-
tional growth rate of the revenue process e� (�) is negative and su¢ ciently low, the expected
fall in pro�tability is so rapid that that exit should occur when the �rm is still earning

positive pro�ts. Since such a �rm never experiences losses during its (presumably short)

existence, it has no reason to hold liquid assets.

When M > 0, the optimal amount of cash reserves positively depends on the �xed per-

period payments F+b. Larger �xed payments cause larger losses when the productivity is low

and imply a stronger need for liquid assets. Equation (31) also shows that the lower the option

premium
e�(�)e�(�)�1 , the larger is M . When the �rm has a strong incentive to remain in the

market in periods of negative pro�tability, it needs a large amount of cash to avoid ine¢ cient

liquidation. Since e� (�) decreases in absolute value in �, M is larger when the volatility is

5This can be seen by considering the expected discounted stream of pro�ts at the time of default: R�e
r+��e�(�) � F+b

r+�
. Using

the expression (29) for the exit threshold yields F+b
r+�

h e�(�)e�(�)�1 � 1
i
.
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high. Intuitively, a precautionary motive for holding liquid assets (�rms hoard cash to survive

in periods of distress) establishes a positive relation between cash and volatility.

The expression for the optimal level of cash (31) is independent of the equilibrium vari-

ables N� and  �A. This greatly simpli�es the comparative statics analysis because indirect

equilibrium e¤ects do not need to be taken into account. The next proposition reveals the

e¤ects of the two measures of competition on the optimal amount of cash.

Proposition 5 If the �rms hold a strictly positive amount of cash, then M

(i) is independent of L, and

(ii) monotonically increases in �.

3.3 Discussion

Proposition 5 shows that the optimal amount of liquid assets is independent of the barrier

to entry while it increases with the elasticity of substitution. Let us consider, �rst, point

(i). Since the entry cost is sunk, the default and cash policy of the �rm are not directly

a¤ected by L. Furthermore, equation (31) shows that the optimal amount of liquid assets is

independent of equilibrium variables that could be potentially a¤ected by the cost of entry.

Thus, barriers to entry have no e¤ect on optimal amount of cash reserves.

On the contrary, point (ii) of Proposition 2 says that M positively depends on the elas-

ticity of substitution �. A higher level of liquidity means that the �rm is ready to absorb a

larger amount of losses and, therefore, signals the �rm�s willingness to remain longer active

in the market. Then, the key issue of the discussion is to understand where this incentive to

stay alive comes from.

I identify the following mechanism. Larger elasticity of substitution increases pro�ts�

volatility (see also equation (13) and recall that e� (�) = (� � 1)�), raises the option value to
stay alive and induces the �rms to hold more cash for precautionary reasons. The explanation
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is intuitive. Consider a positive productivity shock. According to the pricing rule (7), higher

productivity implies a lower optimal price, an improvement in the competitive position of

the �rm and, therefore, an increase in pro�ts (see equation (11)). The magnitude of this

e¤ect depends on the elasticity of substitution. When the elasticity of substitution is high,

the decrease in price will attract more customers and cause a greater increase in consumption

and pro�ts. A symmetric reasoning holds for negative shocks. In that case, the increase in

price and the decrease in consumption and pro�ts will be greater the higher is the elasticity

of substitution. Hence, competition increases pro�ts�volatility and raises the option value

to stay active in the market.6 For this reason, the �rms need more cash to avoid ine¢ cient

liquidation.

Let us now formally establish the link between competition, volatility and cash holdings.

Consider, the expression for �rm�s liquid assets in equation (31). The elasticity of substi-

tution � a¤ects the optimal amount of liquidity via two di¤erent channels. The �rst works

through the change in the revenue�s proportional growth rate e� (�). This e¤ect is ambiguous
and positive if e� (�) increases in �, that is if � >

�
3
2 � �

�
�2. The intuition is that, when

the growth potential is high, it is optimal to remain in the market even when current pro�ts

are substantially negative and, therefore, the optimal amount of precautionary liquid assets

is large. The second is the e¤ect on the waiting option premium
e�(�)e�(�)�1 . The next two

propositions hold:

Proposition 6 The option premium
e�(�)e�(�)�1 is decreasing in �, and this e¤ect is caused by

the increase in the revenue�s volatility e� (�).
Proposition 7 There exists a region where M > 0 and the e¤ects through the growth rate

6A similar relation between competition and volatility is found in Raith (2003) and Irvine and Ponti¤ (2009). Boone et al.

(2007) and Boone (2009) construct empirical measures of competition based on the idea that, when competition becomes tighter,

market shares and pro�ts reallocate faster to the more e¢ cient �rms. An analogous mechanism is at work here. Consider two

�rms with productivity  1 and  2, as assume that  1 >  2. The relative di¤erence in pro�ts between the two �rms increases

with the elasticity of substitution.
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and option premium channels work in the opposite direction.

Proposition 6 says that the e¤ect of competition on cash holdings via the option premium

channel is positive and depends on the increase in the revenue�s volatility. Larger product

substitutability raises e� (�), lowers the option premium and increases the optimal amount

of liquidity. However, this is not enough to claim that the rise in volatility is the ultimate

reason to explain the increase in cash holdings. Competition a¤ects the optimal amount of

liquid assets also through its e¤ect on the proportional growth rate e� (�). Since for some
parameters values �rms do not hold reserves of liquidity, I have to prove that, when M > 0,

the e¤ects of the growth rate and option premium channels may contrast each other, so that

the overall positive e¤ect of competition on cash holdings can be attributed to the rise in

volatility. This is shown in Proposition 7. The result of Proposition 7 also points out the

strength of the volatility channel. Higher volatility increases the amount of precautionary

liquid assets even when the elasticity of substitution has a negative e¤ect on the drift of the

revenue�s process. That is, although more intense competition may lower the �rm�s growth

potential, the consequent increase in volatility implies that the �rm is nevertheless eager to

stay longer in the market and to hold a larger amount of cash.

3.4 Competition and the number of �rms

In the Introduction I argued that, despite an increase in the elasticity of substitution and

a decrease in the barriers are both unambiguously interpreted as a rise in the intensity of

competition, they are likely to yield opposite equilibrium e¤ects on the number of active

�rms. In this section I investigate this issue in the context of my model.

To illustrate the results, I set the parameter values as follows. The risk-free interest

rate is equal to r = 0:05 and the productivity growth rate is � = 0. Miao (2005) sets the

exogenous Poisson death rate equal to 0.04 based on the consideration that the turnover
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Figure 2: The e¤ect of competition on the mass of active �rms. Parameter values: r = 0:04, � = 0,

� = 0:15, � = 0:05,  = 100,  = 1, I = 1:

rate is approximately 7% (Dunne et al. (1988)) and that the default rate is around 3%

(Brady and Bos (2002)). Consistently with this evidence, I set � = 0:04. Then, values must

be chosen for the investment cost I and the support for the initial productivity draw. I

normalize the investment cost to one, and set  = 100 and  = 1 to have a su¢ ciently wide

range of values of � for which the condition  �e <  is veri�ed in equilibrium. Finally, in the

comparative statics for �, the issuance cost is normalized to zero, L = 0.

Figure 2 plots the mass of active �rms in equilibrium as a function of the elasticity of

substitution � (Panel A), and the issuance costs L (Panel B). In panel B, the issuance costs

decreases on the horizontal axis, thus a movement from the left to the right should be read

as a rise in the intensity of competition. It is immediate to see that, as expected, the two

forms of competition have opposite e¤ects on the equilibrium mass of �rms. An increase

in product substitutability reduces the number of competitors while lower barriers to entry

(i.e. lower issuance costs L) increase the mass of �rms active in the industry.
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4 Optimal capital structure

In the model of the previous section, the coupon payment is taken as exogenous. Here I

let the �rms to optimally choose their capital structure. To obtain closed form solutions,

I assume that �rms have no �xed costs of production, i.e. F = 0. Strictly positive �xed

production costs would not alter the fundamental qualitative conclusions. Without �xed

costs, the amount of liquid assets held by the �rms is

M = max

�
0; (1� �)

b�Re
r

�
: (32)

The capital structure is chosen by the initial equity holders at the time of entry (but before

the draw of the initial productivity) to maximize their value at the initial date. Recall that

�rms enter the market with an amount of cash reserves equal to M and follow the optimal

unconstrained policy afterwards. Let all the relevant variables to be explicitly dependent on

b and omit the dependence on other variables. Using equation (18) the value for the initial

equity holders is given by

(1� !)E�1( b) = V�1(b)� L� I � M (b) : (33)

The optimal coupon satis�es the �rst order condition

V 0�1(b)� M
0
(b) = 0: (34)

Equation (34) reveals that the need of raising liquid assets, deriving from the credit

constraint, imposes a distortion in the choice of the optimal coupon. In the standard capital

structure models where �rms are unconstrained and do not need to raise liquid assets, for

example Leland (1994), the optimal coupon trades-o¤ the tax shield bene�ts of debt with

the cost of increased bankruptcy risk. However, if �rms are credit constrained after the

entry date, they need cash reserves. Since raising cash is costly for the initial equity holders

(equation (33)) and the optimal amount of cash increases with b (equation (32)), the choice
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of the optimal coupon also depends on the marginal costs of raising cash, M
0
(b). As I will

show later, the presence of this additional cost of leverage has the notable implication that,

while in the standard capital structure models it holds lim
�!0

b = 0 so that �rms always issue

debt when the corporate tax rate is strictly positive, in a model with liquidity needs it may

be optimal for the �rm not to issue debt even if � > 0.

4.1 Equilibrium

The strategy of the �rm is again investigated in the long run stationary equilibrium. A

stationary equilibrium with optimal capital structure is de�ned by a distribution of e¢ ciency

levels f� ( ), an exit threshold R�e, a mass N
� of active �rms, a coupon b� and an amount

of cash M
�
such that:

1. �rms set their prices according to (7),

2. R�e is chosen to maximize the value of equity,

3. the entry condition (19) is satis�ed,

4. the distribution f� ( ) is an invariant measure over the interval  2 [ �e;1),

5. the optimal coupon b� satis�es (34):

6. each �rms holds liquidity reserves equal to M
�
= max

h
0; (1� �) b

��R�e
r

i
.

Proposition 8 If assumptions (22)-(24) hold, there exists a unique stationary equilibrium

such that  >  �e.

4.2 Securities valuation and cash policy

In absence of �xed cost of production, an unlevered �rm does not face any �xed payment

and, therefore, it will never exit. It follows its value is simply given by the discounted stream
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of revenues:

Vu(R) =
(1� �)

r + �� e� (�)R: (35)

The following proposition gives the closed form expressions for the model with endogenous

leverage.

Proposition 9 The expressions for equity, debt, optimal coupon, exit threshold and cash are

given by

E(R) = (1� �)

�
R

r + �� e� (�) � b�

r + �

�
+(1� �)

�
b�

r + �
� R�e
r + �� e� (�)

��
R

R�e

� e�(�)
; (36)

DBT (R) =
b�

r + �
+

�
(1� ")Vu �

b�

r + �

��
R

R�e

�e�(�)
; (37a)

b� = max

(
0;

r + �

r + �� e� (�) e� (�) � 1e� (�) � (�)
�
1� e� (�)� "e� (�) (1� �)

�

� 1e�(�)
�

�
"
1� 1� �

�

 
1� r + �� e� (�)

r + �

e� (�)e� (�)� 1
!#� 1e�(�)9=; ; (38)

R�e =
e� (�)e� (�)� 1 r + �� e� (�)

r + �
b�; (39)

M
�
= (1� �)

b�

r

 
1� r + �� e� (�)

r + �

e� (�)e� (�)� 1
!
; (40)

where, � (�) = E
h
R
e�(�)i 1e�(�) = (  �A)

1��

�N�

(
 
(��1)e�(�)+1� (��1)e�(�)+1
[(��1)e�(�)+1]( � )

) 1e�(�)
and Vu is given in

equation (35).

De�ne Z (�) =
�
1� r+��e�(�)

r+�

e�(�)e�(�)�1
�
. The second term in the curly brackets in equation

(38) reveals that, if � � Z(�)
1+Z(�) , it would be optimal for the initial equity holders to become

net lenders (i.e. b� < 0, a possibility ruled out by assumption). As already mentioned, this
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Figure 3: The e¤ects of the elasticity of substitution on the coupon bond and the optimal

amount of cash. Parameter values: r = 0:04, � = 0, � = 0:15, � = 0:05,  = 100,  = 1, I = 1. L = 0:

Graphs re plotted for value of � such that conditions (22)-(23) are satis�ed.

happens because raising cash is costly for the equity holders and, therefore, they have an

incentive to decrease leverage (with respect to the unconstrained case) to reduce the liquidity

needs.

The total value of the �rm is the sum of equity and debt and can be written as

V (R) =
(1� �)

r + �� e� (�)R + �b�

r + �

241� � R

R�e

� e�(�)35+ "Vu (R
�
e)

�
R

R�e

� e�(�)
: (41)

Equation (41) reveals that the total value of the �rm is given by three components: the

unlevered �rm value, plus the risk-adjusted tax shield bene�ts, minus the bankruptcy costs

determined by the fraction of the unlevered �rm�s value lost at default.

4.3 Model analysis

I can now give the complete picture of the implications of the model. As shown in equation

(32), the optimal amount of cash depends on the coupon b�. The optimal coupon is now

optimally chosen by the initial equity holders and, as shown by equation (38), it is a¤ected

by the mass of �rms N� and by the average productivity  �A. Hence, cash reserves M
�
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depend on the equilibrium outcome of the model. I now show how exogenous changes in the

product elasticity and barriers to entry in�uence the �rms�willingness to hold cash.

To illustrate the results, we set the corporate tax rate is set equal to � = 0:34 and the

recovery rate equal to (1� ") = 0:2, as in Miao (2005). Other parameter values are set as

in section 3.4.

Consider, �rst, the e¤ects of an increase in the elasticity of substitution. The previous

section shows that, when the coupon payment is taken as exogenous, higher elasticity of

substitution increases the optimal amount of cash. The explanation for this result lies in the

increase in pro�ts�volatility. Beside this mechanism, the overall e¤ect of the elasticity of

substitution on cash is now also determined by its indirect in�uence on the optimal coupon

b�, via its in�uence on the equilibrium variables N� and  �A.

Figure 3 plots the optimal coupon b� (Panel A) and the optimal level of cash M
�
(Panel

B) as a function of the elasticity of substitution �: Panel A reveals that b� monotonically

decreases in �. Although the driving forces behind this result are di¢ cult to pin down

analytically, the explanation is nevertheless intuitive. Higher elasticity of substitution, by

increasing pro�ts�volatility and the risk of default, reduces the tax shield bene�ts of debt

and increases the bankruptcy cost (see also �gure 4). For this reason, �rms prefer a less

risky capital structure and issue a smaller coupon b�. This reduces the �xed per-period

payments and implies a lower demand for liquid assets (see equation (40)). Hence, a rise in

the elasticity of substitution has two contrasting e¤ects on the optimal amount of cash. An

upward e¤ect due to the increase the option value to stay alive, and a downward e¤ect due

to the decrease in leverage. While I �nd that, for a wide range of parametrizations, the �rst

e¤ect is dominant, Panel B reveals that the overall e¤ect may be ambiguous. Speci�cally,

M
�
can be an inverse U-shaped function of �.

To interpret the non-monotonicity result, it is useful to consider the limit case where
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there is no substitutability between products: Recalling the de�nition of � (�) and e� (�), it
is immediate to see that lim

�!1
M = 0: This happens because, with no product substitutabil-

ity, pro�ts are independent of  (indeed from (11) and (14) it follows that lim
�!1

� (R) =

(1� �)
�
1
�N � F � b

�
) and, therefore, they are insulated against stochastic �uctuations.

Without uncertainty �rms do not have any reason to hold precautionary cash. Then, a

marginal increase in the degree of product substitutability introduces uncertainty and this

generates the need of liquidity. For this reason, M
�
must be initially increasing in �.

On the contrary, since the ratio
e�(�)e�(�)�1 is a decreasing and convex function of �,7 the

marginal upward e¤ect of � on cash, through the option premium channel, is lower for larger

values of the elasticity of substitution. Hence, for su¢ ciently large values of �, the downward

e¤ect due to the decrease in leverage may become dominant.

Consider, now, the e¤ects of a reduction in the barriers to entry. As already said, this is

modeled as a decrease in the issuance cost L. In the previous section it is shown that, since L

does not directly enter in equation (40), when the coupon is taken as exogenous a reduction

in entry barriers do not a¤ect the optimal amount of cash. However, in a capital structure

model, the optimal coupon depends on the industry equilibrium outcome (see equation 38)

which is also determined by the barriers to entry. Therefore, the optimal amount of cash

will depend on L via the e¤ect on b�.

Figure 5 plots the e¤ect of a decrease in the issuance cost L on the optimal coupon b�

(Panel A) and cash reserves M
�
(Panel B). Panel A shows that b� becomes lower as L

decreases. The explanation goes as follows. As the intuition suggests, a reduction in the

barriers to entry increases the entry rate and the mass of active �rms in equilibrium (see

also �gure 3 in the model with the exogenous debt). A higher number of competitors means

7This can be immediately seen from the equality, established in the Appendix A.1,
e�(�)e�(�)�1 = �

��(��1) where � =

1
2
� �

&2
�
rh

�
&2
� 1

2

i2
+ 2r

&2
< 0.
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lower pro�ts for the incumbents, and this increases the bankruptcy risk while decreasing the

tax shield bene�ts of debt. For this reason, �rms issue a lower coupon, face lower per-period

�xed payments and, as shown in Panel B, need a smaller amount of precautionary cash.

5 Conclusion

This work investigates the e¤ects of competition on �rms�cash holdings. The analysis conveys

three messages on the relation between competition, �nancing and cash. First, the capital

structure is a key determinant of the �rm�s cash policy. Other things being equal, �rms

with high leverage face larger �xed payments and need more cash to escape the threat of

ine¢ cient liquidation. Second, equilibrium e¤ects should be take into account. Since the

choice of the optimal capital structure depends on the characteristics of the market, how

these market characteristics are shaped in the long-run by equilibrium forces is crucial to

understand the e¤ects of competition on cash. Third, the measure competition matters.

Since di¤erent forms of competition generate di¤erent equilibrium outcomes, they are likely

to yield distinct e¤ects on the cash and �nancing policies of the �rms.

I develop a fairly general model of monopolistic competition where, in the presence of

�nancing constraints, �rms make capital structure and exit decisions, and hoard cash to

avoid ine¢ cient liquidation. The model allows to examine the equilibrium e¤ects of two

forms of competition widely used in the theoretical literature. The �rst is an increase in the

degree of product substitutability. The second is a reduction in the barriers to entry.

I show that the main e¤ect of an increase in the degree of product substitutability is to

raise pro�ts�volatility. Volatility a¤ects �rms�cash policies in two di¤erent and contrasting

ways. On the one hand, by increasing the option value to remain in the market, it reinforces

the precautionary motive for holding cash. But on the other hand, by increasing the risk

of bankruptcy, it induces the �rms to prefer a less risky capital structure and to reduce
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leverage. This lowers the �xed per-period payments faced by the �rms and tends to reduce

the optimal level of cash. Although the upward e¤ect on cash deriving from the increase in

the option value is generally dominant, I show that the overall e¤ect of a rise in product

substitutability can be non-monotonic.

On the contrary, a reduction in the barriers to entry has an unambiguous downward e¤ect

on cash. Lower barriers to entry increase the number of �rms in equilibrium, reducing pro�ts

and increasing the risk of default. For this reason, �rms decrease leverage, face lower interest

payments and need less cash to avoid ine¢ cient liquidation.

A Appendix

A.1 Problem solution in terms of  

For future reference, it is useful to rewrite the valuation problem in terms of  : Using  as

state variable, the value of equity satis�es

1

2
&2 2E00( ) + � E0( )� (r + �)E( ) +

1

�N

�
 

 A

���1
� F � b = 0; (42)

subject to

lim
 !1

E( ) =
1

r + �� e� (�) 1�N
�

 

 A

���1
� F + b

r + �
; (43)

E( e) = 0; (44)

E0( e) = 0; (45)

Solving the system (79)� (82) yields the expression for the exit threshold

 e =  A

�
�

� � (� � 1)
r + �� e� (�)

r + �
�N (F + b)

� 1
��1

; (46)
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where � = 1
2 �

�
&2
�
rh

�
&2
� 1
2

i2
+ 2r

&2
< 0. The expression for the equity value �rm is:

E( ) =

"
1

r + �� e� (�) 1�N
�

 

 A

���1
� F + b

r + �

#
+

+

"
F + b

r + �
� 1

r + �� e� (�) 1�N
�
 e
 A

���1#�
 

 e

� �

; (47)

Substituting equation (46) in equation (16), the optimal amount of liquidity assets can be

found as

M = max

�
0;

F + b

r

�
1� r + �� e� (�)

r + �

�

� � (� � 1)

��
: (48)

Equations (31) and (48) allow to establish the equalitye� (�)e� (�)� 1 = �

� � (� � 1) : (49)

Also, note that cash holdings are zero if

� � (r + �)

�
� 1
2
(� � 2) &2 < 0: (50)

A.2 Proof of Proposition 1

Here I prove the existence and uniqueness of the stationary equilibrium with exogenous lever-

age. Overall, I have four unknowns g� ( ),  �e, n
�,M� to be determined by the expression for

the scaled density as in (75), the equation (46) for the exit threshold, and the entry condition

(19). The optimal amount of liquidity is obtained by equation (31) which is independent of

other equilibrium variables. The equilibrium mass of active �rms is N� = n�
R1
 �e
g� ( ) d .

I proceed according to the following steps. First, I �nd the value for  �A (N
�)

1
��1 which

satis�es the entry condition. This allows to determine the unique equilibrium exit threshold

 �e. Then, I �nd the scaled density g
� ( ) and, using equation (19), the equilibrium entry

rate n�. Finally, the mass of active �rms is also determined.

Let us �nd, �rst, the exit threshold  �e. As already discussed, equation (29) de�nes the

level of revenues that triggers exit in equilibrium. Consider the expected value of the �rm
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before entry:

V�1 = E�1

8<: R

r + �� e� (�) � F

r + �
+

�
F

r + �
� Re
r + �� e� (�)

��
R

Re

� e�(�)9=; : (51)

Using the de�nition of R and computing the expected values, the expression in (51) can be

rewritten as

V�1 =

�
1

r + �� e� (�) 	1�W
� F

r + �

�
+

+

�
F

r + �
� Re
r + �� e� (�)

��
1

Re�W

1

r + �� e� (�)
�e�(�)

	2; (52)

where W = N ( A)
��1, while 	1 =

 
�� �

�( � )
and 	2 =

 
(��1)e�(�)+1� (��1)e�(�)+1
[(��1)e�(�)+1]( � ) are the

(� � 1) th and (� � 1) e� (�) th moments of the initial productivity draw. V�1 decreases

monotonically in W and, therefore, there is a unique combination W � = N� ( �A)
��1 which

satis�es (19). Once W � is determined, using equation (46), the solution for the unique

equilibrium exit threshold can be found:

 �e =

�
�

� � (� � 1)
r + �� e� (�)

r + �
�W �F

� 1
��1

: (53)

The equilibrium exit threshold (53) uniquely de�nes the support  2 [ �e;1) for the pro-

ductivity distribution of the active �rms. I now solve for the density g ( ) of the distribution

f ( ) scaled by the entry rate n. This step of the proof follows Dixit and Pindyck (1994,

Chapter 8) and Miao (2005).

I start using the transformation z = log ( ). The new variable z follows a geometric

Brownian motion:

dzt
zt
= �dt+ &dWt; (54)

where � = �� 1
2�
2 and & = �. The initial productivity draw in terms of z has an exponential

distribution over [z; z], where z = log and z = log . This distribution has density function

m (z) = e(z�ez); (55)
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where ez = log � �  
�
.

The equilibrium density is de�ned over the interval z 2 [z�e ;1), where z�e = log ( �e). I

derive it by using a binomial approximation for the Brownian motion. Time is divided in

intervals of length dt and the z-space in small segments of length dh = �
p
dt. In each time

interval, all �rms located in a segment will move away. A fraction (1� �) dt will move up or

down in proportions qu and qd, where

qu =
1

2

�
1 +

�

&

p
dt

�
and qd =

1

2

�
1� �

&

p
dt

�
;

while a fraction �dt will die because of the Poisson shock. De�ne n� (z) the density of active

�rms in a segment centered at z, where the entry rate n is a scale factor. Such a density

is time invariant if, in a given z interval, the out�ow of �rms due to the Brownian shocks

or the Poisson death is o¤set by the in�ow of incumbents with higher or lower productivity

and new entrants. Consider, �rst, the case where z 2 [z; z]. In this segment the old �rms

will be replaced by new entrants and �rms coming from above and below. The density in

the segment remains constant over time if the rate at which �rms leave equal the rate arrival

rate:

n� (z) dh = ndtm (z) dh+ qd (1� �dt)n� (z) dh+ qu (1� �dt)n� (z) dh: (56)

Applying the Taylor�s expansion to the above equation and simplifying yields

1

2
&2�00 (z)� ��0 (z)� �� (z) +m (z) = 0: (57)

Consider, now, segments centered in z 2 [z;1) and z 2 [z�e ; z], where z�e = log �e. In

these cases the segment is outside the range for the initial productivity draw and, therefore,

there is no �ow of new entrants, but only incumbent �rms coming from above and below.

Steps analogous as before yield the ordinary di¤erential equation

1

2
&2�00 (z)� ��0 (z)� �� (z) = 0: (58)
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Solution of (57) and (58) implies that

� (z) = A1e
1z + A2e

2z in the region z 2 (z;1) (59)

� (z) = B1e
1z +B2e

2z +
e(z�ez)

�+ �� 1
2&
2
in the region z 2 [z; z] (60)

� (z) = C1e
1z + C2e

2z in the region z 2 (z�e ; z) (61)

where

1 =
��

p
�2 + 2&2�

&2
< 0 (62)

and

1 =
�+

p
�2 + 2&2�

&2
> 0: (63)

Constants A1, A2, B1, B2, C1 and C2 are determined by the boundary conditionsZ 1

z
� (z) dz <1 (64)

� (z�e) = 0 (65)

lim
z"z
� (z) = lim

z#z
� (z) (66)

lim
z"z
�0 (z) = lim

z#z
�0 (z) (67)

lim
z"z
� (z) = lim

z#z
� (z) (68)

lim
z"z
�0 (z) = lim

z#z
�0 (z) (69)

Condition (64) says that the mass of active �rms is �nite and implies that A2 = 0. Condition

(65) derives from the fact that at z�e �rms exit. Conditions (66)-(69) ensure smoothness of

the density function � (z). Solving the system of linear equations (65)-(69), and writing the

solution in in terms of  , yields the following expression for the coe¢ cients A1, B1, B2; C1,

C2:

A1 =
(1� 1) ( 

�
e)
2�1

�
 
1�2 �  1�2

�
� (1� 2)

�
 
1�1 �  1�1

�
(r + �� �)

�
 �  

�
(2 � 1)

; (70)
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B1 =
(1� 1) ( 

�
e)
2�1

�
 
1�2 �  1�2

�
+ (1� 2) 

1�1

(r + �� �)
�
 �  

�
(2 � 1)

(71)

B2 = �
(1� 1) 

1�2

(r + �� �)
�
 �  

�
(2 � 1)

(72)

C1 =
(1� 1) ( 

�
e)
2�1

�
 
1�2 �  1�2

�
(r + �� �)

�
 �  

�
(2 � 1)

(73)

C1 =
(1� 1)

�
 1�2 �  

1�2
�

(r + �� �)
�
 �  

�
(2 � 1)

(74)

The solution for the scaled equilibrium density is

g� ( ) =

8>>>>><>>>>>:
A1 

1 if  2
�
 ;1

�
;

B1 
1 +B2 

2 +  

( � )(�+���2)
if  2

�
 ;  

�
;

C1 
1 + C2 

2 if  2
�
 �e;  

�
:

(75)

Assumption (23) guarantees that in the region  2
�
 ;  

�
the equilibrium density is �nite.

For also the average productivity  �A to be �nite it must be that
R1
 �e
 ��1g� ( ) d is �nite.

It is su¢ cient to show that
R1
  ��1g� ( ) d is �nite. The integral is bounded if �+1 < 0:

This is true when assumption (24) holds.

The next step is to derive the equilibrium entry rate n�. Having the expression for

g� ( ) the equilibrium entry rate n� must satisfy the entry condition (19). The expected

value of the �rm before the initial productivity draw V�1( ) monotonically declines in n

and, therefore, there is a unique n� that satis�es (19). Then, the average productivity, the

stationary distribution and the number of �rms are determined by

 �A =

"
n�
Z 1

 �e

 ��1g� ( ) d 

# 1
��1

; (76)

f� ( ) = n�g� ( ) ; (77)

N� = n�
Z 1

 �e

g� ( ) d ; (78)

and this completes the de�nition of the stationary equilibrium. �
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A.3 Proof of Proposition 2

The solution of equation (15) satis�es

1

2
e� (�)2R2V 00u (R) + e� (�)RV 0u(R)� (r + �)Vu(R) +R� F = 0; (79)

subject to

lim
R!1

V (R) =
R

r + �� e� (�) � F

r + �
; (80)

Vu(Re;u) = 0; (81)

V 0u(Re;u) = 0; (82)

where Re;u is the level of revenues that triggers exit. Equation (80) means that, when R

grows larger, the probability of exit becomes negligible and the �rm�s value is given by the

discounted stream of pro�ts. Equation (81) implies that at exit time the value of the �rm is

zero, while equation (82) means that the exit threshold is chosen to maximize equity holders�

value. Solving the system (79)� (82) yields the expressions in Proposition 2.

A.4 Proof of Proposition 3

The value of equity can be found in a way analogous to the value of the unconstrained and

unlevered �rm (see proof of Proposition 2). The value of debt satis�es

1

2
e� (�)2R2DBT 00(R) + e� (�)RDBT 0(R)� (r + �)DBT (R) + b = 0; (83)

subject to

lim
R!1

DBT (R) =
b

r + �
; (84)

DBT (Re) = (1� ") Vu (85)

Condition (84) means that, when the revenue grows larger, default becomes a remote pos-

sibility and the value of debt equals its face value. Condition (85) means that, at default,

debth olders recoup the liquidation value. Solving (83)� (85), yields the expression (30).
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A.5 Proof of Proposition 4

In the text.

A.6 Proof of Proposition 5

Equation (48) implies that the optimal amount of cash is strictly positive, i.e.M > 0, if

� > (r+�)
� � 1

2 (� � 2)�
2. Di¤erentiating (31) with respect to � yields

@M

@�
=

�F

2 (r + �) r

h
2 (�� � r � �)� (3� 2�) ��2 � (� � 1)2 �2

i
[� � (� � 1)]2

: (86)

From (86) I obtain that @M@� > 0 if � > (r+�)
� � 1

2 (2� � 3)�
2+ (��1)2�2

2� , which is always true

if M > 0 (see equation (50)). �

A.7 Proof of Proposition 6

From the right hand side of (49), it is immediate to see that larger elasticity of substitution

unambiguously lowers the option premium. This means that e� (�) must increase (decrease
in absolute value) with �. Rewrite e� (�) as

e� (�) = 1

2
� �

�

1e� (�) � 12 (� � 2)(� � 1) �

s�
�

�

1e� (�) + 12 (� � 2)(� � 1) �
1

2

�2
+

2re� (�)2 < 0: (87)

Di¤erentiating (87) with respect to �, while for the moment keeping the revenues volatility

coe¢ cient e& (�) constant, yields:
1

2

1

(� � 1)2
1q

H (�)2 + 2re&(�)2
"
H (�)�

s
H (�)2 + 2re& (�)2

#
< 0; (88)

where H (�) = �
�

1e�(�) + 1
2
(��2)
(��1) �

1
2 . That is, the e¤ect of � on

e� (�) through the change
in the ratio (��2)

(��1) is negative. Since e� (�) must increase in �, the e¤ect via e� (�) must
be unambiguously positive and always dominant. Hence, I conclude that the e¤ect of the

elasticity of substitution on the option premium depends on the change of the revenue�s

volatility e� (�). �
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A.8 Proof of Proposition 7

Here, I show that there exists a region where the optimal amount of liquidity is strictly

positive and, at the same time, the revenue�s growth rate and volatility channels work in

the opposite direction. Recall that M > 0 when � > (r+�)
� � 1

2 (� � 2)�
2. Combining this

condition with condition (50), I obtain that, if (r+�)� < � <
�
3
2 � �

�
�2, the revenue�s growth

rate channel tends to decrease the optimal amount of liquidity while the option premium

channel tends to increase it. Since M monotonically increases in � (Proposition 2), it means

that the increase in volatility is indeed the fundamental reason to explain the e¤ects of

competition on cash holdings. �

A.9 Proof of Proposition 8

See proofs of Proposition 3 and 4.

A.10 Proof of Proposition 9

As a preliminary step, it is convenient to rewrite equation (38) as:

b� = max

2640; 	
1e�(�)

2

�N� ( �A)
��1
 (�)

375 ; (89)

where


 (�) =
r + �

r + �� e� (�) e� (�) � 1e� (�)
�
1� e� (�)� "e� (�) (1� �)

�

� 1e�(�)
�

�

241� 1

1� �

1� �

�

 
1� r + �� e� (�)

r + �

e� (�)e� (�)� 1
!� 1e�(�)35 : (90)

Solving the valuation problem in terms of  yields the expression for the exit threshold as:

 �e =  �A

�
�

� � (� � 1)
r + �� e� (�)

r + �
�N�b�

� 1
��1

; (91)

where  �A, N
� and therefore b� are yet to be determined. I focus on the case (relevant for my

investigation) where b� > 0. Substituting (89) in (91) the expression for the exit threshold
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becomes

 �e =

"
�

� � (� � 1)
r + �� e� (�)

r + �
	

1e�(�)
2 
 (�)

# 1
��1

: (92)

This expression is independent on the endogenous variables  �A and N� and, therefore,

uniquely de�nes the equilibrium exit threshold. Once the exit threshold is determined, I can

�nd the combination N� ( �A)
��1 which satis�es (19). The rest of the proof is analogous to

that of Proposition 1. �
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