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Abstract

Players with “biased” priors - in the sense that they believe their
prior to be correct and all other’s to be wrong - will have to take this
personal bias into account when they communicate. We introduce
this aspect to a Sender-Receiver game where players’ payoffs depend
the realisation of a random variable. Both players can acquire costly
private information of endogenous quality, which they use to update
their beliefs given their priors. The Sender then sends a signal which
equals his updated beliefs to the Receiver. The key aspect of the
game is that the Receiver does not know the prior of the Sender but
receives a noisy signal. We then investigate how the Sender’s bias
affects information transmission and show that whereas the Receiver
might be indifferent between Senders with different bias when the
signaling space is continuous, he strictly prefers Senders with the same
bias as himself when the signaling space is binary.

JEL Codes : D82, D83
Keywords : information transmission, information acquisition, asymmet-

ric information, signaling, non-common priors, subjectivity, personal bias,
media-bias, information specialisation, homophily.

∗E-mail: jrudiger@eco.uc3m.es. I would like to thank my advisor Antonio Cabrales
for invaluable help. Furthermore, I would like to thank Johannes Mueller-Trede, Adrien
Vigier, Daniel Garcia, and Jose Penalba for helpful advice. All remaining mistakes are my
own.



1 Introduction

We tend to get our news from sources that have the same opinions ourselves:
Liberal newspapers have liberal readers, conservative TV has conservative
viewers, and we tend to trust the opinion of a friend more than that of
a stranger. Intuition might tell us that we should listen to sources that
have a different view, as this difference in opinion must reflect a difference
in information, and therefore is valuable to us. So why is it that we often
prefer a news source that it is quite openly biased towards what we already
believe? And why do many people only use one source of news rather than
try to balance different ends of the spectrum?

In this paper we investigate personal bias as a possible source of these
regularities: we all have views or beliefs that we hold as true but which
may be rejected as completely false by someone else, and we need to take
this into account when communicating. Anyone interested in sports will
probably more than once have tried to convince another aficionado through
heated discussion that their team is actually playing great whereas the hard
facts show a painful loosing streak.1

To work with personal bias we have to introduce a notion of subjective
probability: the word probability is typically used both to describe chance
events, such as the roll of a die, and on the other hand to describe personal
beliefs about the logical probability of certain events, which are determined
by personal preferences. Subjective probability is used in this paper in the
sense of the second kind of probability.

We then think of subjective prior probabilities as reflecting a personal
bias in the sense that one person does not change his own beliefs when he
learns about another person’s beliefs. We then use this to define personal
prior probabilities in a world where agents are trying to learn the realisation
of a variable by directly observing an unbiased signal and receiving a signal
from another agent with possibly different prior beliefs.

The model is very closely related to Crawford and Sobel [4], henceforth
CS, where a Sender (S) has private information about a payoff relevant ran-
dom variable which he transmits (possibly noisily) to the Receiver (R), who

1In this particular example one could claim that this is due to preferences, that we
prefer people to agree with us and like the same things we like, but it is a well-known
empirical regularity that sport fanatics tend to bet for their own team to win much more
than non-fans, which is harder to assert to preferences.
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the makes a decision affecting both. The main differences in our model is
that the two players have the same preferences over actions and outcomes
but they possibly differ in their prior beliefs. Importantly, R has only a
noisy signal about S’s prior. Thus he cannot back out all the information
contained in the signal transmitted by S. Initially we make the players’ pay-
offs independent to isolate the noise introduced by the imperfect knowledge
of the other player’s prior. We then consider an extension to a model where
R’s action affects both players and information transmission subsequently
becomes strategic.

The paper proceeds as follows. Section 2 describes the model and section
3 analyses the case of truthful information transmission. It is shown that
when utility is “location independent”2 the bias of S does not matter to R.
A counter example to this result is shown in a model where actions and sig-
nals are discrete. Section 4 then analyses strategic information transmission.
An equilibrium based on the partition equilibrium of CS is constructed and it
is shown that again R has a preference for more similar S. We then return to
the example of the discrete model and show that if the agents are sufficiently
similar, S will report truthfully in equilibrium. In an appendix (section 6)
we introduce two-sided costly information acquisition and link the player’s
information acquisition to the preciseness of their priors (which we will in-
terpret as confidence) and the preciseness of their signal about the other
player’s prior beliefs. We show that specialisation in information acquisition
will only occur if one agent is less confident than the other.

The model is most related to the literature on information transmission
under incomplete information, [11, 4, 7] and on information acquisition, such
as [8, 3]. The emphasis personal bias is closer related to the literature on
learning with personal priors [1, 13] and subjectivity in non-Bayesian learn-
ing, [2, 10]. But whereas these are pure models of learning we investigate the
incentives to acquire information and transmit information. The model is
applicable to any setting in which heterogeneity between agents can be mod-
elled as bias rather than preferences, for instance eliciting expert opinions,
[12, 6], or media bias [9].

2Location independent is used here in the sense that utility depends only on the distance
between the taken action and the realisation of random variable.
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2 Model

Two players, a Sender (S) and a Reciever (R), have utility which depends
on the realisation, θ, of a random variable supported on R. Their beliefs
over θ are normally distributed with probability density function f(·|µi, τ i),
i = R, S, where µi is the expectation of i’s and τ i ∈ R+ is the precision
(inverse variance) of the beliefs.

Assume first that the players have twice-differentiable utility function
u(y−θ), where y is an action taken by R. We make the standard assumptions
that, denoting derivatives in the usual manner, for any θ there is a y such that
u�(·) = 0 and u��(·) < 0 for all y. The first assumption assures the existence
of an optimal y for each θ and the second says that the players always prefer
higher precision. Implicit in the formulation is a sorting condition such that
the utility maximising y is increasing in θ.

S has access to private information in the form of the realisation, s, of
a normally distributed random variable supported on R with probability
density function l(·|x, θ), expectation θ and precision x ∈ R+. We then say
that player i’s beliefs conditional on s have expectation µi(s) and conditional
on x have precision τ i(x). Let x = 0 if no information is acquired. To
make the problem well-defined, assume that for all y, x and θ the integral�∞
−∞ u(y − t)f(t|µi(s), τ i(x))l(s|x, θ) dt ds is finite.
Before investing in private information the agents have normally dis-

tributed prior beliefs over the distribution of θ with probability density
function f0(·|µi

0, τ
i
0)

3, where µi
0 ∈ R and τ i0 ∈ R+ are the expectation and

the precision of the prior distribution, respectively. Hence τ i(0) = τ i0 and,
µi(∅) = µi

0, abusing notation in the usual manner to let ∅ signify that no
information is aquired, i.e. x = 0.

The key feature of the game is that µS
0 is unknown to R and is not

communicable. We think of µS
0 as the Sender’s personal bias in interpreting

his information, which he partially or completely forgets after updating his
beliefs. Both agents can costlessly observe the realisation q of a normally
distributed random variable Q with density function fQ(·|w), expectation µS

0

and precision w ∈ R+.
Before observing q we assume that R has a non-informative prior on µS

0 ,
which we will model as a normal distribution with precision zero.4 Hence,

3The agents agree on the functional form of the prior distribution but possibly disagree
on the parameters

4In particular, we will model it is as the limit of a normal distribution when precision
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Bayesian updating implies that R’s beliefs over µS
0 after observing q are

distributed with density function g0(·|q), which is normal with mean q and
precision w. Then, conditional on µS = m and Q = q, denote the mean and
precision of R’s beliefs by µR(m, q) and τR(x, w), respectively.

All aspects of the game and the information structure except µS
0 and s

but including x are common knowledge.
The timing of the game is as follows. First S observes the realisation

s and updates his beliefs. Then both players observe q. Lastly, S sends a
signal r to R, who updates his beliefs conditional on r and q.

When clear from the context we will suppress the dependence of µ and τ
on s. To shorten notation let U(y, µ, τ) =

�∞
−∞ u(y, θ)f(θ|µ, τ) dθ.5

Bayesian Updating. To fix ideas before continuing we will show the
Bayesian updating of the agents.

µi(s) =
1

τ k
�
τ i0µ

i
0 + sx

�
(1)

τ i(x) = τ i0 + x. (2)

Upon learning µS(s) = r and x, R can construct a statistic z, which is
the Bayesian expectation of the information S has seen.

z =
τSr − τS0 q

x
= s+

τS0
x

�
µS
0 − q

�
. (3)

Statistic z has expectation θ and precision

τZ = x

�
1 +

τS0
x

· τ
S
0

w

�−1

= γx, (4)

where γ < 1.
R’s updated beliefs conditional on m and q are then

goes to zero.
5The assumptions made on u(·) imply that for all µ and τ , U1(·) = 0 for some y and

U11(·) < 0. Similarly, for all y, U22(·) < 0. The assumptions also imply a sorting condition
U12(·) > 0, such that the optimal y is increasing in µ. Furthermore, they imply that
U3(·) > 0.
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µR(m, q) =
1

τR
�
τR0 µ

R
0 + τZz

�
(5)

τR(x, w) = τR0 + τZ . (6)

Clearly, the precision of R’s posterior beliefs will be increasing in w but
decreasing in τS0 . Furthermore, for any w < ∞ and precision x chosen by S,
the precision of the statistic z will always be less than x. I.e. there will be a
loss of precision when information is transmitted. As w → ∞, then τZ → x.

Equilibrium Concept. As a solution concept we will use the Bayesian
Nash Equilibrium, which we can define as in CS. This will consist in a sig-
naling rule p(r|m) for S and an action rule y(r|q) for R, such that

i. for each m,

•
�
N t(r|m) dr = 1, N being the Borel set of feasible signals, and

• p(r|m) maximises S’s expected utility given y(n|q), i.e., S must
be indifferent between sending any signal r in the support of of
p(·|m) but strictly prefer them to a signal r� which is not in the
support of p(·|m).

ii. for each r, y(r|q) maximises R’s expected utility given p(r|m) and q,
i.e. y(r|q) solves

max
y

�

R
u(y − θ)f(θ|µR(m, q), τR) dθ. (7)

3 Truthful Information Transmission

Truthful information transmission in this context refers to S truthfully com-
municates his posterior beliefs to R such that p(m|m) = 1 and p(r|m) = 0
for r �= m. This will both serve to bring out intuition and to establish certain
results which are difficult to access once strategic motives are considered. We
can either think of this as S possessing the uneconomic quality of honesty or
as r being verifiable but µS

0 .

5



3.1 Main Results

Our analysis will be in the tradition of comparative statics. The model is
concerned with biased information transmission when the exact biased of S
is unknown and therefore we will focus our analysis on R’s preferences with
respect to the expectation of S’s bias (q) and the precision of his knowledge
about S’s bias (w).

First, make the following definition to avoid confusion in subsequent sec-
tions.

Definition Refer to the game described in Section 2 as a Distance Util-
ity Game.

Since communication is truthful by assumption we can define R’s best re-
sponse conditional on r = m as

yR(m) = argmax
y

U(y, µR(m, q), τS). (8)

First we will examine how R’s preferences vary with q, his expectation of the
“bias” of S. It would be natural to assume that he would prefer a less biased
sender but it turns out that when information transmission is truthful he is
indifferent.

Proposition 1. In a Distance Utility Game with truthful information trans-
mission R has no preference with respect to q.

The model has been chosen so as to bring out the issues with information
transmission and therefore, all other preferences have been chosen as neu-
trally as possible, which is driving this result. Changing the expectation of
a normally distributed variable shifts the distribution to the left or to the
right, but does not change the shape of it. Hence, if utility only depends on
the distance between the action and θ, q is of no consequence.

Proposition 2. In a Distance Utility Game with truthful information trans-
mission, both before and after observing the realisations of m and q, R prefers
higher w and x and lower τS0 .

Again the result stems in part from the particular form of u(·). In a
more general formulation, it is possible that for values of m and q that imply
higher probability of an unfavourable θ, R would prefer knowing that this q
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came from a poor quality signal. To illustrate the difficulties involved, even
for the particular utility function considered here, changing q will change the
shape of the distribution of the beliefs over θ and thus we cannot be sure
that “tightening” the distribution of q (increasing w) leads to higher utility.

To look at this, we will examine an example in the next section with a
different utility function and message space and show how this will imply
that q, the bias of S, is important. At the same time this example will build
up to the section on strategic information transmission, where the message
space will be partitioned in equilibrium.

3.2 Discrete Choice - An Example of Making Recom-
mendations

To keep matters simple in this example we will consider a utility function
which is different to the general case6 but as we shall see will yield similar
results. We take the case of a binary decision where y is either 1 or 0 and let

u(1, θ) = I[θ ≥ 0]

u(0, θ) = 1− I[θ ≥ 0],

where I(·) is the indicator function. Hence, the optimal y when θ ≥ 0 is 1,
and when θ < 0 is 0.

To make the link to the strategic section we also limit the signal space to
being binary such that r = I[µS ≥ 0]. That is, S can only communicate to
R whether he believes y = 1 or y = 0 to be the best choice. We can think of
this as a discrete recommendation: do or do not.

To take the simplest case, suppose µR
0 = 0. Player i’s expected utility is

then

U(0, µ, τ) = F (0|µ, τ)
U(1, µ, τ) = 1− F (0|µ, τ).

(9)

Definition Refer to the game described above as a Discrete Recommen-
dation Game.

We can then establish the following welfare result.

6In particular, we will not have the concavity property earlier assumed.
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Proposition 3. In a Recommendation Game with truthful information trans-
mission, R strictly prefers a recommendation from a less biased S, i.e. S with
q closer to 0.

The proposition follows directly from the information loss discretisation
supposed by discretisation. The result gives us a straightforward intuition
for why we should prefer communication with like-minded individuals.

News media. This is easily illustrated in the context of choice of news
media. It is common for us to choose media that have the same opinions
as we do. Apart from the possibility that we merely like being confirmed in
our opinions we can explain this regularity in terms of the above proposition.
If we rely on news media to form opinions that are discrete in nature, e.g.
being for or against, we might be able to derive more information from a
news source that is biased in the same direction as ourselves. In a stylised
example, suppose a left-with voter is choosing between paying a right-wing
or a left-wing news source about which candidate to vote on. If the right-
wing news source recommends to him a right-wing candidate, he might be
inclined to disregard this recommendation due to the bias of the news source.
If on the other hand, right-wing news source recommendation of a left-wing
candidate constitutes a very strong signal but it does not change the voter’s
choice. Thus he might prefer the left-wing news source for this reason.

As an empirical illustration of the above result a study by DellaVigna and
Kaplan [5] documents a political right swing in America after Fox News was
introduced, using the gradual expansion from a few states to nationwide cov-
erage to identify the effect. It seems hard to argue that Fox News provided
new information to the already saturated American news market. However,
what they did provide was an openly conservative attitude and following the
above line of thinking, this could have had an actual effect on opinion for-
mation. This effect comes not through improved acquisition of information,
in the language of this paper, but rather through a less noisy communication
of opinions and recommendations to conservatives.

We now turn to the precision of Q, the signal which R receives about µS
0 .

Intuition tells us that higher precision should a priori be better for R and in
the context of this example we can prove that.

Proposition 4. Let µR
0 �= 0. In a Recommendation Game with truthful

information transmission, a priori, before observing q, R prefers higher w.
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This result is not as straightforward as it may seem. The uncertainty
about µS

0 implies that for any given r, there exists a range of q where R
would change his action if knew with certainty that µS

0 = q. Hence, if µS
0

indeed falls in this range, R makes a “mistake” , and higher w would imply
higher probability that R of making a mistake. On the other hand, when
µS
0 falls outside this range, higher w implies a lower probability of making a

mistake. Since we have assumed that R has a non-informative prior on µS
0

before he observes q the second case dominates the first, and hence higher w
is always preferred by R.

4 Strategic Information Transmision

4.1 Main Results

In this section we will again use the general assumptions used in section 3.1.
CS show, in their setting the existence of a range of equilibria in which S
makes a finite partition of the signaling space and R takes a constant action
on each partition. We will show that this type of equilibria exists in our
setting as well and focus our attention on these.

Let a partition equilibrium consist of a partition on the signaling space
with partition points A = (a0, ..., aN), where ai+1 > ai, a0 = −∞ and
aN = ∞, such that if m ∈ Ai = (ai, ai+1) then p(r|m) > 0 for r ∈ Ai

and p(r|m) = 0 for r /∈ Ai.
We can the define the following best-response function for R: for r ∈ Ai,

y(ai, ai+1, q) solves

max
y

� ∞

−∞

� ∞

−∞
U(y, µR(s), τS)hi(s|m0)g0(m0|q) ds dm0. (10)

The following proposition confirms the existence of a partition equilib-
rium.

Proposition 5. In a Distance Utility Game with strategic information trans-
mission there exists N � such that for all N < N � there there is an equilibrium
in which S chooses a size N partition A and y(r|q) = y(ai, ai+1, q). In equi-
librium the following will be true

i. for each m ∈ Ai, p(r|m) is uniform on Ai, and

U(y(ai−1, ai, q), ai, τ
S) = U(y(ai, ai+1, q), ai, τ

S),
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ii. R’s beliefs over s when he receives m ∈ Ai and conditional on µS
0 = m0

are satisfy Bayesian updating, i.e. have density function

hi(s|m0) =

�
Ai

h(s,m|m0) dm�
Ai

g(m|m0) dm
,

where h(·) is the joint density function of s and µS(s) and g(·) is the
density function of µS(s), both conditional on µS

0 = m0.

This proposition tells us that an equilibrium exists in which S essentially
partitions the signal space to induce more favourable actions by R. In CS
the result is obtained by assuming different preferences. In our setting, pref-
erences are identical but beliefs not. It should be noted that in addition to
the difference in preferences and beliefs our model does not have a compact
signal/action space as CS and for some s, beliefs and hence preferences are
the same, a situation which is excluded in CS.

To be able to talk about comparative statics in this setting we must
assume a monotonicity condition, similar to that of CS.

(M) Let ai and a�i denote the partition points of two equilibria of
size N . Then, if a1 ≥ a�1, i ≥ a�i for all i.

Following the intuition of the example in the previous section, we can now
establish the following result.

Proposition 6. Assume (M). In a Distance Utility Game with strategic
information transmission, if τR0 = τS0 , then R strictly prefers q closer to µR

0 .

Hence, just as the example hinted the partitioning of the signal space
induces a loss of information which implies that the size of the bias matters,
even in this model which allows for very simple updating of beliefs.

We have not been able to obtain any general result on w in this form
of the model and hence we will continue the analysis in the context of the
discrete action model.

4.2 Discrete Choice - Strategic Recommendations

We now go back to the example of section 3.2 but allow S to choose the
partitioning of the signaling space, in order to construct an equilibrium as in
the previous section. In particular, S will choose a so that the two partitions
are A0 = (−∞, a) and A1 = (a,∞).

We then arrive at the following result.
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Proposition 7. In a Recommendation Game with strategic information trans-
mission, if y(−∞, 0, q) = 0 and y(0,∞, q) = 1 then there exists a unique size
2 partition equilibrium in which A = (−∞, 0,∞).

This result is interesting in that it shows us that, if the two agent’s
informational bias are not too far apart, the strategic equilibrium of this
simple game is identical to “honest information transmission”. The following
corollary is an immediate consequence.

Corollary 1. In a Recommendation Game with strategic information trans-
mission, if y(−∞, 0, q) = 0 and y(0,∞, q) = 1 then R strictly prefers S with
smaller bias, i.e. with q closer to zero.

This corollary follows directly from the fact that our equilibrium features
exactly the same actions and signals as our honest information transmission
example. Hence, it is not surprising that q plays the same role in the strategic
version.

Similarly, the result on w carries over to the strategic setting.

Corollary 2. Let µR
0 �= 0. In a Recommendation Game with strategic infor-

mation transmission, a priori, before observing q, R prefers higher w.

This corollary confirms the intuition that higher precision information
about S’s bias is better for R.

5 Conclusion

This paper has investigated a model of information transmission in a Sender-
Receiver game where players are biased and only a noisy signal of the bias
is available. We have established results on the welfare of the receiver and
most importantly gives arguments for why a receiver would prefer receiving
information from a more similar (in the sense of having a similar prior) sender.

One of the main points of the paper is that this preference for similar
individuals arises, in our setting, when the signaling space is discrete. We
first show this under truthful information transmission by restricting R to
sending a yes or no recommendation. We then show that the same is true
when we allow for strategic information transmission where S partitions the
signaling space to maximise his utility. Thus, the discreteness of the signaling
space, whether exogenous or endogenous, seems to be the key to this result.
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Furthermore, we have established certain welfare results with respect to
the precision of R’s knowledge about the bias of S. We have not been able
to derive a result in the most general version of the model, but when recom-
mendations are discrete R will prefer higher precision, as intuition suggests.

6 Appendix

6.1 Information Acquisition and Specialisation

In this appendix we consider how biased information transmission affects
the incentives to acquire information. To do this we will not consider the
strategic incentive and assume that players honestly report their beliefs and
that µS

0 is still not known by R. To focus on the incentives for information
acquisition we remove the choice problem, such that

� ∞

−∞
u(y − θ)f(µ, τ) dθ = U(τ).

We now allow both agents to acquire information and denote this by xi just
as each of them will see the realisation of a random variable, Qi, that is
distributed with mean µ−i

0 and precision w (same for both players). Here we
use the convention −i to denote the other player seen from i’s point of view.

Information acquisition will be costly, such that observing the realisation
of a variable with precision x costs c(x), where c(·) is increasing and convex.
Assume that utility is separably additive and equal to

U(τ)− c(τ).

We first establish the existence of a unique Bayesian Nash Equilibrium,
henceforth denoted BNE, and investigate R’s incentives to acquire informa-
tion. Let xi

∗ denote the precision of the information acquired in equilibrium
by i.

Proposition 8. In the unique BNE of the game, xi
∗ is (i) decreasing in τ i0,

(ii) decreasing in w, and (iii) increasing in τ−i
0 .

Part (i) and (ii) is straightforward - (i) the more confident in their priors
the players are the less information they want to acquire. And (ii) the better
knowledge the players have about each other’s bias the more information
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they can extract from each other’s signals and the less information they need
to acquire themselves. Part (iii) is a bit less obvious. When a player has
lower confidence he acquires more information and he gives less weight to
his prior in his beliefs. Therefore, the other player will need to acquire less
information.

One interesting observation follows almost directly.

Proposition 9. We say that an equilibrium is specialised if (xi
∗, x

−i
∗ ) =

(xi
∗, 0) and xi

∗ > 0. A specialised equilibrium exists if i is sufficiently less
confident than −i and −i is sufficiently knowledgeable about i.

More precisely, there exists τ and w such that the equilibrium is specialised
if and only if w > w and τ i0 < τ ≤ τ−i

0 . Furthermore w is increasing in τ i0
and w → ∞ as τ i0 → τ .

This proposition tells us that specialisation in information acquisition will
only ever take place when i is less confident than −i. Since there will always
be a precision loss when information is transmitted it is necessary that i
acquires at least as high precision information as −i would have acquired
on his own. Given the convex information acquisition costs, this will only
occur when i is less confident than −i. In our setting, some heterogeneity is
required for specialisation.

7 Proofs

Proof of Proposition 1. For any given s and q such that m = µS(s), R’s
expected utility is

� ∞

−∞
u(yR(µS(s), q)− θ)f(θ|µR(m, q), τR) dθ. (11)

If µR(m, q�) = µR(m, q) + δ, then f(θ|µR(m, q�), τ) = f(θ − δ|µR(m, q), τ),
since θ is normally distributed. Hence, since u(·) depends only on the distance
between y and θ then yR(·, q�) = yR(·, q) − δ. Thus (11) is invariant with
respect to q.

Proof of Proposition 2. Consider again (11). Take first the case wherem and
q are known. Increasing w or x will change µR as well as τR. We can use an
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argument similar to that of Proposition 1 to show that the change in µR does
not change expected utility. However, u��(·) < 0 together with the property
that lower τR constitutes a “mean-preserving spread”, implies that EUR is
increasing in τR. And since τR is increasing in w and x and decreasing in τS0
it follows that the proposition is true in the case where m and q are known.

Since the above is true for any values of m and q, and since R’s expected
utility is invariant in µR, then the proposition is also true ex ante, before
learning m and q.

Proof of Proposition 3. Define a function s(m,m0) ≡ {s : µS(s) = m and µS
0 =

m0} and let s0 = s(0,m0). Thus, r = 1 when s ≥ s0 and r = 0 when s < s0.
This is the s where S is indifferent between y = 0 and y = 1.

Recall that y(ai, ai+1, q) is R’s optimal action given recommendation r ∈
(ai, ai+1 and q. By assumption a0 = −∞, a1 = 0 and a2 = ∞. Then define
y0(q) = y(−∞, 0, q) and y1(q) = y(0,∞, q).

Let lR(s) =
�∞
−∞ l(s|θ)f0(θ|µR

0 , τ
R
0 ) be the distribution of R’s beliefs over

s.

When R knows only q, his expected utility conditional on the true µS
0 is

EUR(q, µS
0 ) =

� s0

−∞
U(y0(q), µ

R(s), τR)lR(s) ds

+

� ∞

s0

U(y1(q), µ
R(s), τR)lR(s) ds,

(12)

and conditional on q only

EUR(q) =

� ∞

−∞
EUR(m0, q)g0(m0|q) dm0, (13)

Recall that U(0, µ, τ) = F (0, µ, τ) and U(1, µ, τ) = 1−F (0|µ, τ). Suppose
that q is such that y0(q) �= y1(q) and that µS

0 = m0, the derivative of EUR(·)
with respective to m0 is (denoting the partial derivative with a subscript as
usual)

EUR
2 (q,m0) = lR(s0)

ds0
dm0

�
2F (0|µR(s0), τ

R)− 1
�
. (14)
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µR
0 = 0 so lR(·) and F (0|·) are symmetric around 0. And ds0/dm0 =

− τS0
x , which implies that the derivative is symmetric around m0 = 0 with

EUR
2 (q, 0) = 0 and EUR

2 (q,m0) > 0 (EUR
2 (q,m0) < 0) for m0 < 0 (m0 > 0).

Since the distribution of m0 is symmetric around q, it is follows that
dEUR(0)/dq > 0 (dEUR(0)/dq < 0) for q < 0 (q > 0).

Proof of Proposition 4. Suppose µR
0 > 0. Then, whenever R receives a signal

in (0,∞) he will optimally choose y = 1. When he receives a signal in
(−∞, 0), his choice of y will depend on q. Let q̃ be such that R optimally
chooses y = 1 whenever q < q̃ and y = 0 when q > q̃.

If on the other hand R knew µS
0 we could define m̃0 such that R would

optimally choose y = 1 whenever µS
0 < m̃0 and y = 0 when µS

0 > m̃0.
Notice that s(0, µS

0 ) is the s that yields µS(s) = 0, conditional on S’s
prior expectation being µS

0 . Conditional on µS
0 , if R makes optimal choices

knowing only q his expected utility is

EUR(µS
0 ) = FQ(q̃|µS

0 )

� s(0,µS
0 )

−∞
F (0|µR(s), τR)h0(s) ds

+ (1− FQ(q̃|µS
0 ))

� s(0,µS
0 )

−∞
(1− F (0|µR(s), τR))h0(s) ds,

(15)

where h0(s) is the distribution of s conditional on µS(s) ∈ (−∞, 0)Ṡince q̃
maximises the value of EUR we can use the envelope theorem to take the
derivative with respect to w

∂EUR(µS
0 )

∂w
=

∂FQ(q̃|µS
0 )

∂w

� s(0,µS
0 )

−∞

�
2F (0|µR(s), τR)− 1

�
h0(s) ds (16)

Suppose m̃0 > q̃. Whenever q ∈ (q̃, m̃0), R chooses y = 0 although he would
optimally choose y = 1, if he knew µS

0 ∈ (q̃, m̃0). Hence, for µS
0 ∈ (q̃, m̃0)

increasing w will increase the probability that R makes a mistake. But for
all µS

0 /∈ (q̃, m̃0), increasing w decreases the probability of making a mistake.
Notice that for each µS

0 ∈ (q̃, m̃0), we can find µ̂S
0 = q̃ − (µS

0 − q̃) such
that FQ(q̃|µS

0 ) = 1 − FQ(q̃|µ̂S
0 ). Since µ̂S

0 < µS
0 , then F (0|µ̂R(s), τR) >

F (0|µR(s), τR) and thus ∂EUR(µ̂S
0 )/∂w > ∂EUR(µS

0 )/∂w.
Denote R’s prior distribution on µS

0 by g(·|v), where v is the precision.
Then, recalling that we model R’s non-informative prior on µS

0 as the limit of
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a normal distribution as precision goes to zero, the a priori expected utility
is

EUR = lim
v→0

� ∞

−∞
EUR(mS

0 )g(m0|v) dm0. (17)

We then take the derivative with respect to w

∂EUR

∂w
= lim

v→0

� ∞

−∞

∂EUR(m0)

∂w
g(m0|v) dm0. (18)

Since for each µS
0 ∈ (q̃, m̃0) we can find a unique µ̂S

0 such that ∂EUR(µ̂S
0 )/∂w >

∂EUR(µS
0 )/∂w, and since in the limit as v → 0 all µS

0 have equal weight,
∂EUR/∂w > 0. This establishes the result.

The proof is similar for µS
0 < 0 and for m̃0 < q̃, and is therefore omitted.

Before proving Proposition 5 we will establish the following lemmas.

Definition First-order stochastic dominance. A distribution with distribu-
tion function F (·) first-order stochastically dominates the distribution with
distribution function F �(·) if F (t) ≤ F �(t) for all t. Denote this F (·)FOSDF �(·).

Lemma 1. Let Hi(·|m0) be the distribution function of hi(·|m0), as defined
above, and let Ai = (ai, ai+1), A�

i = (ai, a�i+1) and A��
i = (a�i, ai+1).

Furthermore, let Hi(·), H �
i(·) and H ��

i (·) be the distribution functions as-
sociated with Ai, A�

i and A��
i , respectively. Then

i. If a�i > ai, then H �
i(·|m0)FOSDHi(·|m0).

ii. If a��i+1 > ai+1, then H ��
i (·|m0)FOSDHi(·|m0).

iii. If m�
0 > m0, then Hi(·|m0)FOSDHi(·|m�

0).

Proof. Each m0 defines a set of pairs s and m such that conditional on
µS
0 = m0, then µS(s) = m. Denote the joint distribution function of these

pairs by H(s,m|m0). Recall that s(m,m0) ≡ {s : µS(s) = m and µS
0 = m0}.

Hence, letting h(s,m|mS
0 ) denote the corresponding density function, then

for each m, h(s,m|m0) = lR(s) for s = s(m,m0) and zero elsewhere. This
implies that g(m|mS

0 ) = lR(s(m,m0)).
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Denote by si = s(ai,m0) and si+1 = s(ai+1,m0). Then for si < s < si+1

hi(s|m0) =
lR(s)�

Ai
lR(s(m,mS

0 )) dm

=
lR(s)

τ
x

� si+1

si
lR(u) du

,

(19)

and hi(·|·) = 0 elsewhere. The Jacobian of the change of variables is τ
x .

Since s1(·) > 0, then s�i = s(a�i,m0) > si and s��i+1 = s(a��i ,m0) > si+1.
Then for si < s < s�i, we have hi(s|m0) > h�

i(s|m0) = 0. For s�i ≤ s ≤ si+1

hi(s|m0) =
lR(s)

τ
x

� si+1

si
lR(u) du

<
lR(s)

τ
x

� si+1

s�i
lR(u) du

= h�
i(s|m0).

The inequality is strict over the interval and therefore, since Hi(si+1|m0) =
Hi(si+1|m0) = 1 we must have Hi(si+1|m0) ≥ H �

i(si+1|m0) for all s with the
inequality holding strict for si ≤ s < si+1. This gives us part i.

On the other hand, for si+1 < s < s�i+1, we have h
�
i(s|m0) > hi(s|m0) = 0.

For si ≤ s ≤ si+1

hi(s|m0) =
lR(s)

τ
x

� si+1

si
lR(u) du

>
lR(s)

τ
x

� s�i+1

si
lR(u) du

= h�
i(s|m0).

By an argument similar to that above it must hold that Hi(si+1|m0) ≥
H �

i(si+1|m0) for all s with the inequality holding strict for si ≤ s < s�i+1.
This gives us part ii.

Since s2(·) < 0 is decreasing in m0, then if m�
0 > m0 part iii follows from

applying part i and ii of the lemma.
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Lemma 2. Let S’s signaling rule be as in Proposition 5. Then y(ai, ai+1, q)
is increasing in ai and ai+1, and decreasing in q.

Proof of Lemma 2. Since U(·) is continuous, y(·) must satisfy the following
first-order condition

� ∞

−∞

� ∞

−∞
U1(y, µ

R(s), τS)hi(s|m0)g0(m0|q) ds dm0 = 0. (20)

Let h̃i(s|q) ≡
�∞
−∞ hi(s|m0)g0(m0|q) dm0. By Lemma 1 the corresponding

distribution function H̃i(s|q) is decreasing in ai and ai+1, and increasing in
m0. Let q� > q. Since G0(·|q�) FOSD G0(·|q�), H̃i(s|q) is also increasing in
q. U12(·) > 0 combined with these stochastic dominance relations then gives
the result.

Proof of Proposition 5. By assumption, for any y the integral
�∞
−∞ U(y, µi(s), τ)li(s) ds

is finite and hence the expectation of U(·) over any subset of s will also be
finite. Therefore y(ai, ai+1, q) is well-defined for all i.

To assure that the partition A is incentive compatible for S we must assure
that the following condition (the “arbitrage” condition from CS) holds

U(y(ai−1, ai, q), ai, τ) = U(y(ai, ai+1, q), ai, τ). (21)

As y(·) is increasing in ai and ai+1, and U11(·) < 0 there is at most one ai+1

that satisfies (21). Consequently, for all m ∈ Ai it is true that y(ai, ai+1, q) <
yS(m) < y(ai, ai+1, q). It then follows from U12(·) that for m ∈ Ai

U(y(ai−1, ai, q),m, τ) = max
j

U(y(aj−1, aj, q),m, τ). (22)

Hence, any signal in Ai is a best response for S when µS(s) ∈ Ai. And
given this, y(ai, ai+1, q) is a best response for R since it solves R’s utility
maximisation problem conditional on µS(s) ∈ Ai. The partition together
with y(·) therefore defines an equilibrium.

Proof of Proposition 6. Conditional on m0, R’s expected utility is

EUR(q,m0) =
N−1�

i=0

� si+1

si

U(y(ai, ai+1, q), µ
R(s), τS)lR(s) ds. (23)
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Take derivative with respect to m0

N−1�

i=1

lR(si)[U(y(ai, ai+1, q), µ
R(si), τ

S)− U(y(ai−1, ai, q), µ
R(si), τ

S)]. (24)

By assumption τR0 = τS0 . Suppose q > µR
0 . Then U(y(ai, ai+1, q), µR(si), τS)−

U(y(ai−1, ai, q), µR(si), τS) < 0, due to U11(·) < 0. Hence, (24) is negative
for all i. R’s expected utility is

EUR(q) =
N−1�

i=0

� ∞

−∞

� si+1

si

U(y(ai, ai+1, q), µ
R(s), τS)lR(s)g0(m0|q) ds dm0.

(25)
Recall that y(·) is decreasing in q by Lemma 2 and that si = aiτS/x−m0τS0 /x.
Thus, si is increasing in ai and decreasing in m0. Let V R(ai−1, ai, ai+1, q) =
U(y(ai−1, ai, q), µR(si), τR)−U(y(ai, ai+1, q), µR(si), τR). Since y(·) maximises
R’s expected utility we can use the Envelope Theorem to take the derivative
of EUR(q) with respect to q

N−1�

i=0

� ∞

−∞

�
dsi
dq

V R(ai−1, ai, ai+1, q)l
R(si)g0(m0|q)

+

� ∞

−∞
U(y(ai, ai+1, q), µ

R(s), τS)lR(s)
dg0(m0|q)

dq
ds

�
dm0

(26)

Notice that U(·) satisfy the assumptions of CS. Then, assuming (M),
Lemma 4 of CS tells us that dai/dq < 0. For q > µR

0 , then V R(ai−1, ai, ai+1, q) >
0. Hence, dai/dq < 0 together with dsi/dai > 0 give us that the first term of
the curly bracket is negative.

Since the derivative of g0(·) with respect to m0 is negative and that
G0(·|q�) first-order stochastically dominates G0(·|q) if q� > q, the second term
must be negative. Hence, EUR(q) is decreasing in q. This gives us the result
for q > µR

0 . The proof is the same for q < µR
0 .

Proof of Proposition 7. If y(−∞, a, q) = 0 and y(0,∞, q) = 1 then the arbi-
trage condition from the proof of Proposition 5 implies that a solves

1− 2F (0|a, τS) = 0. (27)
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It follows that a = 0. Given y(−∞, 0, q) = 0 and y(0,∞, q) = 1 are R’s best
responses to a = 0, this is an equilibrium.

Proof of Corollary 1. This is an immediate consequence of Propositions 3
and 7.

Proof of Corollary 2. This is an immediate consequence of Propositions 4
and 7.

Proof of Proposition 8. Choose one of the players and denote the parameters
of the other player with a hat. Then let

T (τ0, x, τ̂0, x̂, w) = τ0 + x+ τZ , (28)

with τZ = x̂
�
1 + τ̂0

x̂ · τ̂0
w

�−1
. Then define

v(x, x̂) ≡ U (T (s0, x, ŝ0, x̂, w))

and
v̂(x̂, 0) ≡ U (T (ŝ0, x̂, 0, 0, 0)) .

Taking first and second derivatives of v(·) it follows from the derivative as-
sumptions that v1(·), v̂1(·) > 0 and v11(·), v̂11(·) < 0, as well as v12(·) < 0.

In the first stage of the game S acquires information of precision

x̂∗ = argmax
x≥0

{v(x, 0)− c(x))} .

Given v11(·) < 0, x̂∗ is unique and equal to 0 if v1(0, 0) < c�(0) and
otherwise solves v1(x, 0) = c�(x), where c�(·) denotes the first derivative.

In the second stage R updates his beliefs using S’s signal and acquires
information of precision

x∗ = argmax
x≥0

{v(x, x̂∗)− c(x))} .

By the same argument as above, x∗ is unique. Hence, (xR, xS) = (x∗, x̂∗) is
the unique BNE.
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From (28) it follows that the derivative of v1(·) with respect to w is
(denoting the partial derivatives of T (·) in the usual manner)

U ��(T (·))T2(·)T5(·) < 0

and with respect τ̂0 is

U11(T (·))T2(·)T3(·) > 0.

Concavity of U(·) with respect to τ and convexity of c(·) gives part (i) and
(ii).

Proof of Proposition 9. If x̂∗ > 0 then v̂1(x̂∗, 0) = c�(x̂∗) ≥ c�(0). fQ is as-
sumed not to be degenerate so w < ∞. Hence, taking derivatives of (28) with
respect to x and using the concavity of U(·) it follows that v1(0, x) > v1(x, 0).
Define xA as the precision chosen byR under autarchy, i.e. v1(xA, 0) = c�(xA).
Then it follows that x∗ = 0 only if x̂∗ > xA, which implies τ̂0 < τ0 by Propo-
sition 8.

It also follows from (28) that v1(0, x) → v1(x, 0) as w → ∞. This allows
us to define x = {min x : limw→∞ v1(x, 0) ≤ c�(0)}, i.e. the the smallest
precision chosen by S that would induce R not to acquire any information
in the limit as w goes to infinity. Let τ be the τ̂0 that induces x. Therefore,
for any τ̂0 < τ , continuity assures us that there exists an w(τ̂0) such that
v1(x, 0) ≤ c�(0) for w > w(τ̂0), and therefore x∗ = 0. On the other hand, for
any τ̂0 ≥ τ no such w(τ̂0) exists. This establishes the “if”-part of the first
statement.

Since v1(·) is increasing in τ̂0 and decreasing in w, w�(·) > 0. Finally,
w(·) → ∞ as τ̂0 → τ by definition of τ .
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