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It may be perfectly rational
to wish oneself not altogether rational.

Thomas C. Schelling

1 Introduction

Are there situations in which we may not have an incentive to reveal our
own rationality? As children we maybe realized that pretending not being
able to wash the dinner dishes may convince our parents to help us doing it,
saving us from half of the work and hence allowing us not to miss the start
of the 20.30 movie. But what if, instead of planning to watch the movie, we
decided with our parents to play chess together after we are done with the
dishes and they are done with the laundry? Then, probably we would not
pretend being unable to wash the dishes, because diverging the effort of our
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parents from doing the laundry will considerably shrink the available time
for playing chess together. This type of situation is not limited to children
education, but relatively common in all situations in which one player has
reasonable doubts about the rationality of the other. Consider a managerial
situation in which two workers are employed in the same firm. The first
worker is supposed to carry on a risky task in which he will succeed only if
he will be very careful. The success of their activity will crucially depend on
such task. The second worker is supposed to carry on a routine task that is
relatively time consuming. If the workers are payed according to individual
performance given that their activity is successful, then the first worker will
have an incentive to pretend being very absent minded and hence induce the
second worker to do part of his job. The second worker will produce less
in his own task, and will help the first worker in the other task because he
will be afraid he is not reliable. The firm will produce less than what is
efficient, the first worker will be payed more than what he deserves and the
second worker less. The manager of the firm can achieve the efficient level
of production by paying the workers according to firm performance instead
of individual performance since it will induce the first worker not pretending
being unreliable. Consider the diplomatic relations between South and North
Korea. North Koreans constantly threat South Koreans of war in case they
would not send them aid. To implement war would never be rational for
North Korea, since it would be an extremely destructive conflict. Because
of this the threat of war should not be credible unless North Korea would
be believed to be irrationally committed to attack in case aid would not be
delivered. Clearly, North Korea has an incentive in investing in its reputation
of irrationality and unpredictability. Since it is already one year that South
Korea stopped sending aid, we can interpret the recent apparently unexplain-
able rocket attacks of North Korea as attempts to sustain the reputation of
irrationality, and hence the credibility of the threat of war. In all the exam-
ples we have seen until now, there is an intrinsic asymmetry in the relation
among the two players: one of the two is somehow responsible for the other,
and hence the other takes advantage of it by pretending being unreliable.
This asymmetry is not a necessary condition for having an incentive to hide
own rationality. Consider the symmetric situation of two traders bargaining
over the price of a transaction. If one of them has a very uncompromising
reputation, then the other will prefer making generous offers to him in order
not to risk disagreement. Clearly, the trader with such reputation will never
reveal being actually very willing to compromise. Not all bargaining situa-
tions are like this. We could imagine other types of bargaining situations in
which having a reputation of rationality, reliability and competence will be
a strategic advantage. Rationality, reliability and competence are the classi-
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cal attributes of a good leader. Having a reasonable and predictable player
allows the parts of a bargaining situation to easily coordinate into an agree-
ment. On the other hand if more than one person will hold such attributes
then it may be problematic, because the leadership will be questioned and
it may become difficult to coordinate into an agreement. In a group, one
intelligent and compromising person is good for taking decisions, but more
of them may just discuss forever and never make a choice.

The paper is organized as follows. The second section is a review of related
literature. In the third section the model is developed and in the fourth
section few examples highlight the main intuitions of the model. The fifth
and sixth sections contain the core results of the paper. The seventh sec-
tion discusses the main assumptions of the model and the eighth section
concludes.

2 Related literature

It is surprising that in game theory the question of the incentives for revealing
own rationality has not being explicitly explored before. However, it is a
question that relates to many previous works and some of them already
grasped the main insights of it.

Thomas C. Schelling, in his analysis of conflict (Schelling (1980)), dedicates
a large part of his study to the description of the advantages of commit-
ment in a bargaining situation, often recalled as the advantages of Burning
the Bridges. The concept is strictly related with the credibility of threats.
Burning the Bridges means being credibly committed not to condition own
behavior on the behavior of the opponent, that means not being able to best
reply to his strategy. Since rationality is defined as optimization of own pref-
erences, not being able to optimize is strictly related with the definition of
irrationality, but it does not necessarily coincide with it. In a bargaining
situation between the rational leaders of two countries, classical examples of
Burning the Bridges are delegation of the discussion to a representative with
limited powers, or making ambitious promises to the electorate before the
meeting that would be impossible to hold unless the outcome of bargaining
is the desired one. If on one hand rational players can commit themselves
not to best reply, on the other hand Schelling explicitly makes examples of
the strategic advantages of truly irrational individuals, such the mentally ill,
the deaf or the child. The literature related to the strategic advantages of
credible commitments that developed from the early intuitions of Schelling is
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enormous and impossible to review here without important omissions.

Somehow related to this work is the literature on Indirect Evolution of Theo-
ries of Mind (see Stahl (1991), Banerjee and Weibull (1991), Stennek (2000)
and Mohlin (2010)). This literature explores the survival properties for a
player of assuming a certain degree of mutual knowledge of rationality among
him and his opponents. This literature is similar in the sense that it also
looks for criteria to understand when and if it is reasonable to assume play-
ers believing others being rational. However it substantially differs from
the present work because we will explore rational choice of players and not
evolutionary optimal behavior. It is well known that rational choice and
evolutionary optimal behavior do not necessarily coincide, hence the results
of the present paper will systematically differ from the ones of the literature
on Evolution of Theories of Mind. Moreover such literature often has the
purpose to give evolutionary grounds for the assumption of (knowledge of)
rationality for all games at the same time. This work instead has the aim
of classifying games according to the incentives players have about revealing
own rationality.

In order to interpret empirical evidence from laboratory experiments that
systematically deviated from Nash equilibrium predictions, some works in
Behavioral Game Theory while keeping the assumption of rational behavior,
dropped the assumption of equilibrium beliefs. The Level-k reasoning model
(Stahl and Wilson (1995)) and the Cognitive Hierarchy model (Camerer et al.
(2004)) suppose players being able to best reply to their beliefs, but holding
wrong beliefs about the ability of their opponents to best reply. In other
words, in those models players are rational, but doubt the rationality of their
opponents. The present work is building on this framework, characterizing
the type of games in which players may not have an incentive to reveal their
own rationality.

Ellingsen and Ostling (2010) developed a Level-k model of pre play commu-
nication of intentions. In their model players doubt the rationality of each
other and are allowed to communicate the action they are planning to take.
Since they are not committed to keep promises, communication is cheap talk.
This work is similar to their one in many aspects. The main differences are
that communication is about own rationality (not intentions) and that com-
munication is partially verifiable (not cheap talk). We can think these two
models as complementary to each other and combining them could be an
interesting topic for further research.

In order to decide if it is convenient to reveal their own rationality, players
need to hold beliefs about the consequences of such act. In order to model
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the consequences of common knowledge of rationality the present work builds
on the results of Bernheim (1984) and Pearce (1984), and in particular on
the result from Pearce (1984) that in 2 players games rationalizability is
equivalent to iterative elimination of strictly dominated strategies.

Knowing the consequences of common knowledge of rationality is a neces-
sary but not sufficient condition for having criteria do decide if revealing
own rationality to the opponents. In order to take such decision is also nec-
essary to understand how other players would behave if own rationality is
not revealed. In order to model such situation we will rely heavily on the
Laplace principle of Insufficient Reason, that roughly speaking says that if a
player does not have any objective criteria to predict the outcome of a ran-
dom variable, then he should hold beliefs about the outcome that maximize
its uncertainty. In many cases such principle coincides with holding uniform
beliefs over the state space. Sinn (1980) shows that the Laplace principle
follows from two axioms that in various versions are well accepted in risk
theory: the Axiom of Ordering and the Axiom of Independence. Because we
will assume players to hold beliefs according to the Laplace principle when
they do not have objective criteria to predict events, then they will often best
reply against uniforms beliefs about other players actions. As a consequence
the solution concepts that we will use will be strictly related to the concept
of Risk Dominance developed by Harsanyi and Selten (1988).

The results of the present work may be relevant for different fields of study.
Firstly, they formalize some of the classical intuitions in conflict and bar-
gaining theory that we discussed before, developing a framework to analyze
and generalize them. The topic seems particularly relevant in the present
times, when we are assisting to a revival of religious fundamentalisms and
increasingly skeptical views about the ability of people with different cultural
and ethnical backgrounds to coexist in peace. Are human beings from differ-
ent civilizations really unable to compromise, as the followers of Huntington
seem to claim (Huntington (1993)), or are we living in a world where it is
often convenient pretending to be a fanatic? The insights from the present
work may inspire developments in this direction in the relatively new fields
of Economics of Religion and Economics of Conflict (see respectively Stark
(2006) and Garfinkel and Skaperdas (2007) for reviews of the literature). A
first attempt in the direction of connecting the topics of irrationality, religion
and conflict is Warneryd (2008), which explains the evolutionary success of
religious beliefs in an environment of conflict. The topic of the incentives
for revealing own rationality seems relevant also for other fields of applied
research. As the example in the introduction about the two workers high-
lights, it may be relevant for the study of the Economics of Governance (see
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Williamson (2005) for a review of the literature). In particular we will see
that, if workers are not known to be perfectly reliable, a manager can often
increase the efficiency of production by paying workers not proportionally to
individual performance, but proportionally to team performance. Empirical
evidence shows that firms do not implement pay for individual performance
as the classical principal agent theory would predict. This phenomena has
recently been explained as the consequence of fearing crowding out of the
intrinsic motivation of the workers (Ellingsen and Johannesson (2008)). The
present framework suggests a complementary explanation of the phenom-
ena.

Secondly, at a more abstract level, the present work may help do discriminate
in which games it is reasonable to assume common knowledge of rationality
and in which games it is not. In games in which players do not have an
incentive to reveal their own rationality, convergence of behavior to Nash
equilibrium should be justified in terms of boundedly rational learning or
evolution (see respectively Fudenberg and Levine (2009) and Weibull (1997)
or Sandholm (2011) for reviews of the literature). In games in which play-
ers have an incentive to reveal their own rationality, we said that common
knowledge of rationality is a sufficient condition for Nash equilibrium only in
games that are dominance solvable. In order to justify Nash equilibrium when
players are commonly known to be rational and the game is not dominance
solvable it seems necessary to assume pre play communication of intentions
(see Farrell and Rabin (1996) for an introduction to the field). Interestingly,
pre play communication of intentions can be a powerful device for coordinat-
ing beliefs into Nash equilibrium even when players doubt the rationality of
each other (Ellingsen and Ostling (2010)).

3 The model

Two players i ∈ N = {1, 2} are randomly chosen from two populations of
individuals in order to play a 2× 2 game. In each population there are two
types of players, θi ∈ {0, 1}. It is common knowledge that a share Θi of each
population is rational, θi = 1, and the remaining is irrational, θi = 0. A
rational player always best replies to the action he expects the opponent to
play. Each irrational player is unconditionally committed to an action, and
it is common knowledge that rational players believe these commitments to
be uniformly distributed on the action sets. The 2×2 game is assumed to be
generic and such that there is always a strictly safest action. A game has a
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strictly safest action if each player has a unique best reply to uniform beliefs
about the opponent action. The action set of each player is Xi = {S, U},
where S is the strictly safest action and U is the unsafe one. The beliefs
of each player about the action played by the opponent are characterized
by ϕi = Pr (x−i = S), that is the belief that the opponent will play his
strictly safest action. The von Neumann-Morgenstern utility function of
each player, ui (xi, x−i), is a real valued function ui : (S, U) × (S, U) → R
and is represented in the following matrix.

2
S U

1
S a1, a2 b1, c2

U c1, b2 d1, d2

The formal definition of strictly safest action is (1), and it implies that for
the payoffs of each player condition (2) will always hold.

Ei
[
ui (S, x−i) |ϕi = 1

2

]
> Ei

[
ui (U, x−i) |ϕi = 1

2

]
(1)

ai − ci > di − bi (2)

We refer to the 2 × 2 game described above as the action game G. Let
ΓN∗ (G) denote a game made of the action game G preceded by one round
of communication, where N∗ is the set of players who send messages. After
being randomly selected from the populations but before playing the action
game, the |N∗| ≤ 2 players are allowed to reveal to each other their type
θi. Irrational players are not able to convince their opponent that they are
rational. On the other hand rational players are able to prove their rational-
ity, but they may choose not to reveal it. The message space of a rational
player is Mi (θi = 1) = {r, n}, where mi = r is commonly known to mean ra-
tionality and mi = n irrationality. The message space of an irrational player
is Mi (θi = 0) = {n, n}, hence he will always communicate to be irrational.
Rational players are not able to send with certainty the message they desire
to send, di ∈ {r, n}, but only to influence the probability with which they
will actually send such message, mi = di. In other words, by choosing the
desired message di, a rational player will choose the probability distribution
fi with which such message mi will be sent. The probability distributions
over the message spaces fi will be constrained to be the following ones, where
ε ∈ R++ is assumed to be small.
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∀j ∈ {n, r} : fi (j) = Pr (mi = j) =

{
1− ε if di = j,

ε if di = −j,

A strategy of the game ΓN∗ (G) for player i is a desired message di and a
mapping gi : Mi (θi) ×M−i (θ−i) → Ai defining an action for any profile of
sent messages. We said that irrational players always send the message n and
are unconditionally committed to play an action. Since they do not make
any choice, analyzing their behavior is not interesting. As a consequence
we will exclusively analyze the interaction of two rational players who are
uncertain about the rationality of each other. We write a pure strategy of a
rational player i as si = 〈di, gi (n, n) , gi (n, r) , gi (r, n) , gi (r, r)〉. For example
s1 = 〈r, S, U, S, U〉 means that player 1 desires to send the message r, takes
the action S if the opponent sends the message n not regarding which message
he will send, and takes the action U if the opponent sends the message r not
regarding which message he will send.

We will assume that in the game ΓN∗ (G) rational players hold weak lexico-
graphic preferences for revealing own rationality. First order utility is given
by the utility function in the action game G. Second order utility becomes
relevant in influencing a choice only if such choice does not affect first order
utility. Second order utility is given by the following function,

Vi [mi] =

{
ei if mi = r,
fi if mi = n,

where {ei, fi} ∈ R2 and since it is a generic game ei 6= fi. Because of such
preferences, for each player the optimal message will always be unique. If
the choice of message does not affect first order utility, then the player will
strictly prefer to reveal own rationality if ei > fi and not to reveal otherwise.
The reason of such assumption is that it simplifies the analysis, since it
works as a tie breaking rule. We will often informally say that a player
is indifferent about revealing own rationality. Formally, such statement is
always wrong. In such situations the correct statement should be that the
choice of message does not influence first order utility, but because of second
order utility the player will strictly prefer a certain message. The reason for
which we will informally say that a player is indifferent is that in such way
we will be able to discriminate between cases in which he desires to reveal
own rationality due to first order utility considerations or due to second order
utility considerations.
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The beliefs of player i about the message the opponent sends are character-
ized by the probability he sends message m−i = n, γi = Pr (m−i = n) =
(1−Θ−i) + Θ−iγ̂i, where γ̂i is the belief about a rational opponent saying
to be irrational. In the formula the probability that the opponent says to
be irrational is composed by the probability that he is irrational, (1−Θ−i),
times the probability that an irrational player says to be irrational (that we
assumed to be Pr (m−i = n|θ−i = 0) = 1), plus the probability that he is ra-
tional, Θ−i, times the probability with which a rational opponent is expected
saying to be irrational.

Players send messages in order to influence the belief of their opponent about
their rationality. The initial belief of player i about the rationality of player
−i, Ei [θ−i] = Pr (θ−i = 1|Θ−i) = Θ−i, will be influenced by the message of
player −i in a Bayesian way. Since only rational players can send messages
mi = r, if player i receives such message he will know with certainty that
the opponent is rational. On the other hand, if player i receives the message
m−i = n then he will not be sure about the rationality of the opponent.
Formally, the beliefs of player i will be influenced by the message of player
−i in the following way.

Ei [θ−i|Θ−i,m−i, γ̂−i] =

{
1 if m−i = r,

Θ−iγ̂−i

1+(γ̂−i−1)Θ−i
if m−i = n,

where Θ−iγ̂−i

1+(γ̂−i−1)Θ−i
≤ Θ−i. We assumed rational players send wrong mes-

sages with a positive probability ε. The reason of this assumption is that
this implies that each information set of the second stage is reached with
positive probability (such informations sets are the ones of players in the
action game G for each possible combination of messages that have been
sent in the first stage). we will analyze the model in the case in which the
probability of mistakes converges to zero. Notice that our assumption about
weak lexicographic preferences for revealing own rationality implies that the
optimal message of each player is always unique. For ε→ 0 the beliefs about
opponent rationality converge to the following limit function.

Ei [θ−i|Θ−i,m−i] =


1 if m−i = r,

Θ−i if m−i = n ∧m∗−i = n
0 if m−i = n ∧m∗−i = r

where m∗i is the unique optimal message of rational player i. Notice that,
since we assumed players being rational and wrong messages being sent with
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probability (almost) 0, then the case m−i = n ∧m∗−i = r will (almost) never
occur. As a consequence in the limit on the information sets that are reached
with positive probability only message r will affect the beliefs of the player
who receives the message. With a slight abuse of notation, since desired
messages are sent almost with certainty at the limit, limε→0mi = di, we will
often informally say that a player sends a message mi instead of saying that
he desires to send it, di = mi.

The reason for which players want to influence the beliefs of their opponent is
that they want to make him change his behavior. For example an opponent
who is uncertain about the rationality of the player may prefer to play his
safest action S, but once he knows with certainty that he is rational then he
may find optimal to play action U. If the player desires to induce him to play
U, then he should reveal to be rational. The belief of player i about his op-
ponent −i playing his safest action S, ϕi = Pr (x−i = S|Θ−i,mi,m−i), is rep-
resented in the following equation, where ϕ̂i = Pr (x−i = S|θ−i = 1,mi,m−i)
is the belief of player i about his opponent playing action S in case he is
rational.

ϕi = 1
2

(1− Ei [θ−i|Θ−i,m−i]) + ϕ̂iEi [θ−i|Θ−i,m−i] (3)

In the formula the probability that the opponent plays his safest action is
composed by the probability that he is irrational times the fraction of irra-
tional players who are believed to be committed to action S, plus the proba-
bility that he is rational times the probability with which a rational opponent
is expected to play action S. In order to define ϕ̂i, that is the belief of a player
about the action that his rational opponent may choose, we will not apply
equilibrium solution concepts but much weaker criteria. If rationality of both
players is common knowledge, that is when Θi = Θ−i = 1 or mi = m−i = r,
then players will not expect their opponent to play iteratively strictly domi-
nated actions and will hold uniform beliefs over the undominated ones. The
reason for the uniform beliefs is strategic uncertainty: lacking pre existing
conventions which would help the players to coordinate their beliefs into an
equilibrium, they will not have any criteria to objectively predict the behav-
ior of the opponent. If only player i is commonly known to be rational, that
is when only Θi = 1 or only mi = r, then the opponent −i will not expect
him to play strictly dominated actions. In this case he will hold uniform
beliefs over the undominated actions only if he will lack an objective criteria
for predicting his behavior. In contrast with the previous case of common
knowledge of both players rationality, in the case of common knowledge of
one player rationality objective criteria may exist, under some conditions
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that we will explore in propositions (1) and (2). The last case is the one in
which no player is known to be rational, that is when Θi 6= 1, Θ−i 6= 1 and
mi = m−i = n. Also in this case players will expect that, if their opponent
is rational, then he will not play strictly dominated actions. Moreover they
will hold uniform beliefs over their opponent undominated actions unless
they have an objective criteria for predicting his behavior. This case is very
similar to the one of common knowledge of one player rationality. In fact
in both cases players who did not reveal to be rational will hold the same
beliefs about their opponent action in case he is rational. On the other hand
players who revealed to be rational may hold different beliefs, because their
message may have influenced the behavior of the opponent.

We said that under common knowledge of both players rationality the only
objective criteria players can use to predict their opponent behavior is iter-
ative elimination of strictly dominated actions. We said also that this is not
necessarily true if at least one player is not commonly known to be rational.
A sufficient condition for for common knowledge of a player playing action S
is formalized in proposition (1), where Ei [ui (xi, x−i) |ϕi (Θ−i,mi,m−i)] is the
expected utility of player i. A necessary and sufficient condition for player
−i having additional criteria to form his belief about the behavior of his
opponent i in case he is rational, ϕ̂−i, is formalized in Proposition (2).

Proposition 1 Suppose player −i did not reveal to be rational. If the pro-
portion of rational players Θ−i is small enough such that condition (4) holds,
then it will be common knowledge that a rational i player will play action S.
Moreover the threshold fraction of the population Θ∗−i for which Θ−i < Θ∗−i
is a sufficient condition condition for (4) to hold always exists and is repre-
sented in equation (5).

Ei [ui (S, x−i) |ϕi (Θ−i,mi,m−i)] > Ei [ui (U, x−i) |ϕi (Θ−i,mi,m−i)] (4)

Θ∗−i =

 1− 2
[
1 + ai−ci

di−bi

]−1

if ai − ci > 0,[
1− ai−ci

di−bi

] [
1 + ai−ci

di−bi

]−1

if ai − ci < 0,
(5)

Proof: If equation (4) holds and player −i did not reveal to be rational, then
a rational player i will optimally play S because it is the best reply to his
beliefs. Assume the reason for which player i plays his safest action S is that
the fraction of rational players in the opponent population is small enough,
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such that the strategic choice of the opponent is negligible: ∀ϕ̂i ∈ [0, 1] S
is optimal. Since rational player −i knowns perfectly the problem faced by
rational player i, he will believe ϕ̂−i = 1. Rational player i will know that
rational player −i knows and so on, hence the fact that player i will play S
will be common knowledge. We showed that if Θ−i is small enough such that
the value of ϕ̂−i is irrelevant for defining the behavior of player i because
condition (4) holds for ∀ϕ̂i ∈ [0, 1], then it is common knowledge that player
i plays S. Now we will show that there always exists a threshold population
fraction Θ∗−i for which Θ−i < Θ∗−i is a sufficient condition for it to be true, and
it will be the one in equation (5). Assuming condition (4) holds, then

(ai − ci) >
1− ϕi
ϕi

(di − bi) (6)

Since for ϕi ∈ (0, 1) the function α (ϕi) = 1−ϕi

ϕi
is continuous, strictly de-

creasing and takes values in (+∞, 0), there always exist values of ϕi such
that condition (6) holds. Since ϕi is strictly increasing in ϕ̂i, then the value
of ϕ̂∗i that maximizes α (ϕi) as a function of ϕ̂i is 0 and the value that mini-
mizes it is 1.

As a consequence we can identify a sufficient condition for condition (6) to
hold as a function of ρi and Θ−i, for every possible value of ϕ̂i. Suppose
that (ai − ci) > 0 and recall that by equation (2) ai − ci > di − bi holds.
Under these conditions, the bigger is α (ϕi) the less condition 6 is likely to
hold. We said that ϕ̂i = 0 maximizes α (ϕi). Notice that if ϕ̂i = 0 then
α (ϕi) is increasing in Θ∗−i, hence the smaller is Θ∗−i the more condition 6 is
likely to hold. The minimum level of Θ−i for which there exists a value of
ϕ̂i such that condition (6) will not hold then is the solution of the following
equation.

ai − ci
di − bi

=
1− 1

2

(
1−Θ∗−i

)
1
2

(
1−Θ∗−i

) ⇒ Θ∗−i = 1− 2
[
1 + ai−ci

di−bi

]−1

By condition (2) we know that the threshold population fraction will be Θ∗−i ∈
(0, 1), hence it will always exist. We can conclude then that if (ai − ci) > 0
there always exists a treshold population fraction equal to Θ∗−i in equation (5)
such that Θ−i < Θ∗−i is a sufficient condition for condition (4) to hold.

Suppose now that (ai − ci) < 0. By equation (2) it follows that di − bi < 0.
Under these conditions, the smaller is α (ϕi) the less condition 6 is likely to
hold. We said that ϕ̂i = 1 minimizes α (ϕi). Notice that if ϕ̂i = 1 then
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α (ϕi) is decreasing in Θ∗−i, hence the smaller is Θ∗−i the more condition 6 is
likely to hold. The minimum level of Θ−i for which there exists a value of
ϕ̂i such that condition (6) will not hold then is the solution of the following
equation.

ai − ci
di − bi

=
1− 1

2

(
1 + Θ∗−i

)
1
2

(
1 + Θ∗−i

) ⇒ Θ∗−i =
[
1− ai−ci

di−bi

] [
1 + ai−ci

di−bi

]−1

By condition (2) we know that the threshold population fraction will be
Θ∗−i ∈ (0, 1), hence it will always exist. We can conclude then that also if
(ai − ci) < 0 there always exists a treshold population fraction equal to Θ∗−i
in equation (5) such that Θ−i < Θ∗−i is a sufficient condition for condition
(4) to hold.

QED

Proposition 2 The necessary and sufficient condition for players to have
additional criteria to form their beliefs about their rational opponent behavior,
ϕ̂i, is that for at least one population it holds Θj < Θ∗j and player j did not
reveal to be rational.

1. If ∀j ∈ {1, 2} : Θj < Θ∗j then it is common knowledge that both
players play S if rational.

2. If Θi < Θ∗i and Θ−i > Θ∗−i then it is common knowledge that rational
player −i will play S and rational player i will best reply to S.

3. If ∀j ∈ {1, 2} : Θj > Θ∗j then players will not have any additional
criteria beyond elimination of strictly dominated strategies, hence both
players will hold the following beliefs. Moreover, these beliefs will not
be common knowledge.

ϕ̂i
(
∀j : Θj > Θ∗j

)
=

{
1 if (a−i > c−i) ∧ (b−i > d−i)
1
2

otherwise
(7)

Proof:

1. If ∀j ∈ {1, 2} : Θj < Θ∗j then by proposition (2) it directly follows
that it will be common knowledge that both players play action S if
rational: ϕ̂1 = ϕ̂2 = 1.

2. If Θi < Θ∗i and Θ−i > Θ∗−i then by proposition (2) it directly follows
that it will be common knowledge that player −i will play S. Since
Θ−i > Θ∗−i then ϕ̂i will not be negligible, and player i will best reply
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to the action played by player −i if rational. Player −i has all the
information to predict such behavior, player i knows it and so on.
Hence it will be common knowledge that rational player i will best
reply to S.

3. If ∀j ∈ {1, 2} : Θj > Θ∗j then proposition (2) has no bite. Since for
both players ϕ̂i will not be negligible for the choice of the optimal
action, then due to strategic uncertainty they will lack objective
criteria to predict their opponent behavior if rational. As a
consequence they will hold uniform beliefs over his undominated
actions. These beliefs are not common knowledge, otherwise players
will be able to forecast the action taken by the opponent and best
reply to it, and then the beliefs would not be stable unless they are a
Nash equilibrium. Since we assumed lack of pre existing conventions
that coordinate players into equilibrium play, the uniform beliefs over
undominated actions are necessarily not common knowledge. Only
the fact that players will not play dominated actions is common
knowledge.

QED

4 Examples

In this section we will examine few classical examples that will highlight
the main intuitions about the incentives for revealing own rationality. We
will assume that only player 1 has the possibility to reveal own rationality.
We will also assume that players are both rational. While in the following
sections we will develop a general theory for generic games, these examples
will not necessarily be about generic games. The reason for the choice of
these particular examples is that they are significative and about well known
games.

Suppose the fraction of rational players in population 1 is above the critical
threshold, Θ1 > Θ∗1. We will see in the next section that then by revealing
own rationality player 1 will never change the behavior of player 2, hence
player 1 will be indifferent about revealing own rationality. Because of this
we will concentrate on examples in which Θ1 < Θ∗1.

The following table represents the payoffs of the Trust game, where for player
1 U is a strictly dominated strategy, hence is not played and expected to be
played by rational player 1. This game resembles the situation described in
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the introduction in which the child (player 1) can properly wash the dishes
(action S) or break them (action U). Breaking the dishes is a strictly domi-
nated strategy. The parent (player 2) can help him washing the dishes (action
S) or doing the laundry (action U). In this game it is assumed that parent
and child planned before to play chess once they are done with their duties.
This game resembles also of the situation of the two workers in the same firm,
one assigned to a risky task (player 1) and the other to a routine one (player
2). The first worker can perform his task carefully (action S) or not (action
U). The second worker can help the first one (action S) or concentrate on
his task (action U). In this setting, the manager pays them according to firm
performance.

2
S U

1
S 3, 3 4, 4
U 2, 2 0, 0

Assume the fractions of rational players are below the critical threshold for
both populations, Θ2 < Θ∗2. If player 2 would be sure enough that player
1 would not play U, then he would play the mutually beneficial action U,
but if player 1 does not reveal to be rational then players end up playing
(S, S), because player 2 is afraid player 1 is irrational and likely enough to
be committed to playing action U. On the other hand if player 1 reveals to be
rational then they end up playing (S, U). Notice that player 1 does not know
with certainty if player 2 is rational, hence he will not know with certainty
that this will happen. Still, the hypothetical behavior of rational player 2
will be the only determinant of his choice. If player 2 is not rational then
player 1 revealing own rationality does not have any effect on him, if he is
then it will induce him to do something convenient. As a consequence player
1 will reveal own rationality. Notice that the outcome associated with (S, S)
is Pareto dominated by the outcome associated with (S, U).

The following table represents the payoffs of a variation of the Trust game.
As in the Trust game, for player 1 action U is strictly dominated. The
game differs from the Trust game because, given player 1 plays S, there is a
conflict of interest among players. This game resembles the situation of the
child washing the dishes. In this setting, the parent and the child did not
agree on playing chess afterwards, hence the child is looking for finishing with
his duties as soon as possible and watch the movie. This game resembles also
of the situation of the two workers in the same firm, when the manager pays
them according to individual performance given the firm is successful. Also
the diplomatic relations between South and North Korea fit into this game.
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North Korea (player 1) can attack (action U) or not (action S). Attacking is
a strictly dominated action, hence rational north Korea would never attack.
South Korea (player 2) can send aid to North Korea (action S) or not (action
U). If North Korea attacks and South Korea sends aid then war is avoided,
but if south Korea would not send aid then there would be war.

2
S U

1
S 4, 3 3, 4
U 2, 2 0, 0

Assume the fractions of rational players are below the critical threshold for
both populations, Θ2 < Θ∗2. If player 2 plays U then he makes player 1
worst off and himself better off. In this game player 1 will not reveal own
rationality, because in this way he will force player 2, if rational, to play S
and obtain his favorite outcome (the one associated with (S, S)). Notice that
if he would reveal own rationality then he will be known to play S and then,
if rational, player 2 will play U making him worst off. Suppose now that the
fraction of rational players in population 2 is above the critical threshold,
Θ2 > Θ∗2. Because of this, player 2 will not have any additional criteria
to predict rational player 1 action beyond elimination of strictly dominated
strategies. Since U is a strictly dominated action for player 1 then nothing
changes: players will have the same incentives about revealing own rationality
as if Θ2 < Θ∗2.

The following table represents the payoffs of the Prisoner Dilemma game.

2
S U

1
S 1, 1 3, 0
U 0, 3 2, 2

Since action U is strictly dominated for player 2, there is no way in which
player 1 can convince him to play U by sending messages. If player 2 is
irrational then he will be insensible to messages, and if he is rational then
he will never play a strictly dominated action. As a consequence player 1
will be indifferent about revealing own rationality. This result holds also if
Θ2 > Θ∗2.

The following table represents the payoffs of a particular mixed motive game
called the Battle of the Sexes, where S being the strictly safest action implies
a > −2. Moreover, for it to be the Battle of the Sexes, it will be necessary
that a < 1. This game resembles of the leadership situation described in
the introduction, where having a reputation of reliability is convenient as
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far as the opponent has a reputation of unreliability. If the opponent has a
reputation of reliability, then it may be optimal pretending being irrational
in order not to question his leadership and hence making it very difficult to
coordinate into an agreement.

2
S U

1
S a, 0 3, 1
U 1, 3 0, 0

Suppose Θ2 < Θ∗2. In this situation player 1 always reveals own rationality,
because in this way he will let know player 2, if rational, that he will play
S. If player 2 is rational then he will find convenient to switch from playing
S to playing U. Since player 1 is better off in the outcome associated with
the strategy profile (S, U) than (S, S), then he will reveal own rationality. If
Θ2 > Θ∗2, then the optimal message depends on a. If a < −1 then player
1 would change behavior, preferring now not revealing own rationality. The
opposite holds if a > −1. Notice that for players behavior in the action game,
Θ2 > Θ∗2 is equivalent to player 2 having revealed own rationality. Suppose
now that also a2 = a and both players are allowed to reveal sequentially
own rationality: this Battle of the Sexes game with a < −1 is one of the
rare cases in which the first mover will have an advantage from being the
first one to reveal own rationality. The second mover will not reveal it in
order not to make them to loose any criteria to predict each other behavior.
The first mover will be able then to impose on the second mover his favorite
outcome.

The following table represents the payoffs of a particular mixed motive game
called the Chicken game, where S being the strictly safest action implies
a > 2. Moreover, for it to be a Chicken game, it will be necessary that a < 3.
This game is very similar to the Battle of the Sexes. As the Battle of the
Sexes the Chicken game has an element of coordination and an element of
conflict of interest. The difference between the two games stays in the fact
that in the Battle of the Sexes each player best outcome coincides with a
strategy profile in which he plays his safest action S, where in the Chicken
game the opposite holds. In the Battle of the Sexes high payoffs are also
safe. In the Chicken game if you want high payoffs you have to take risks.
This game resembles of the situation described in the introduction in which
two traders are bargaining about the price of a transaction and one of them
may exploit his uncompromising reputation. Suppose the seller is known for
being irrationally adverse to discussion. If the price the buyer offers in his
opinion is not fair then he walks away, or rather he has this reputation. The
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buyer then may offer to pay a high price, in order not to risk to loose the
transaction opportunity. Clearly, the seller will never reveal that actually
he would be willing to compromise on the price in order to conclude the
transaction.

2
S U

1
S a, 2.5 1, 3
U 3, 1 0, 0

Suppose Θ2 < Θ∗2. In the Chicken game player 1 will reveal own rationality
only if a < 1, because doing so he will induce player 2 to choose action U
and this makes him better off. On the other hand if a > 1 then player 1
will not reveal own rationality. Suppose now Θ2 > Θ∗2. While in the Battle
of the Sexes player 1 optimal message crucially depended on the fraction
of rational players in population 2, for the Chicken game such fraction is
irrelevant: player 1 incentives to reveal own rationality are unaffected by
it.

The following table represents the payoffs of a pure coordination game. No-
tice that, for what concerns the incentives for revealing own rationality, this
game is equivalent to the well known Stag Hunt game.

2
S U

1
S 2, 2 0, 0
U 0, 0 1, 1

Suppose Θ2 < Θ∗2. In this game player 1 will be indifferent about revealing
own rationality. By revealing own rationality he will let player 2 to know
that he will play S. The best reply of rational player 2 will be S, that is the
same action he is expected to take in case he is unsure about rationality of
player 1. As a consequence player 1 is not able to influence the behavior of
player 2 by sending messages, hence he will be indifferent about revealing
own rationality. In the Stag Hunt game version players will not be able to
cooperate by revealing or not own rationality. Suppose now Θ2 > Θ∗2. In
this scenario player 1 will strictly prefer not revealing own rationality. The
reason is that if he does not reveal own rationality then it will be common
knowledge that player 2 will play S if rational. On the other hand if he
reveals own rationality then they will loose any criteria to predict each other
behavior.
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5 Results

In this section we will characterize the class of generic 2 × 2 games with a
strictly safest action in which players have an incentive to reveal their ratio-
nality under one way communication, two way simultaneous communication
and two way sequential communication for all possible combinations of the
fractions of rational players in the populations {Θ1,Θ2} ∈ (0, 1)2. Here fol-
lows a brief summary of the results. Under one way communication player
1 will always be indifferent about revealing own rationality if the fraction of
rational players in his population is above the critical threshold, Θ1 > Θ∗1.
The intuition is that he has already a sufficiently high reputation of being ra-
tional, and confirming even more such beliefs does not sensibly affect player
2 behavior. If the fraction of rational players in population 1 is below the
critical threshold, Θ1 < Θ∗1, then it is easy to identify the necessary and suf-
ficient conditions for player 1 desiring to reveal own rationality. Under two
way communication in most of the cases one message is weakly dominated
by the other: it will often be weakly optimal to reveal (or not reveal) own
rationality whatever message the opponent will send. As a consequence in
most of the cases the simultaneous or sequential nature of communication
is irrelevant for players choice of the optimal message. However, there is a
relatively small class of games in which there is a first mover advantage in
revealing own rationality. Such class of games resembles in many aspects the
Battle of the Sexes.

5.1 One way communication

Assume player 1 is the only one who sends the message: N∗ = {1}. Moreover,
assume player 2 does not have a strictly dominated action, otherwise the
messages of player 1 regarding his rationality would never affect the behavior
of player 2.

Proposition 3 Consider 2× 2 generic games with a strictly safest action.

1. Suppose ∀j ∈ {1, 2} : Θj < Θ∗j , then player 1 strictly prefers m1 = r
iff a2 < c2 and a1 < b1.

2. Suppose ∀j ∈ {1, 2} : Θj > Θ∗j , then player 1 will be indifferent about
revealing own rationality.

3. Suppose Θ1 > Θ∗1 and Θ2 < Θ∗2, then player 1 will be indifferent about
revealing own rationality.
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4. Suppose Θ1 < Θ∗1 and Θ2 > Θ∗2. If player 1 does not have strictly
dominated actions then he strictly prefers m1 = r iff
max {a1, c1} < a1+b1

2
. If U is a strictly dominated action for player 1

then he strictly prefers m1 = r iff a2 < c2 and a1 < b1.

Proof:

1. By proposition (2) if m1 = r then ϕ2 = 1 and if m1 = n then ϕ1 = 1,
hence player 1 knows that if he does not reveal his rationality player 2
will play S, and if he reveals his rationality player 2 will play his best
reply to S. A necessary condition for player 1 desiring to reveal his
rationality is that the best reply of player 2 to S is U, a2 < c2,
otherwise revealing rationality does not have any effect on player 2
behavior. Another necessary condition for player 1 revealing his
rationality is that the switch in preferred action from S to U by player
2, given player 1 plays S, makes player 1 better off, a1 < b1, otherwise
it would not be convenient to induce such switch in behavior. The
two conditions are also sufficient, since they make player 1 to desire to
induce the switch in behavior in player 2 and effectively achieve it
through revealing own rationality.

2. Since ∀j ∈ {1, 2} : Θj > Θ∗j by proposition (2) both players will not
have any objective criteria to predict their opponent behavior if
rational, hence they will hold uniform beliefs over undominated
actions (see equation 7). By revealing his own rationality player 1 will
not have any impact on ϕ̂2, but will still directly influence ϕ2 through
E2 [θ1|Θ1,m1]. Unless player 1 has a strictly dominated action it will
always be that ϕ2 = 1

2
, hence a necessary condition for player 1 finding

convenient to reveal his rationality is that U is a strictly dominated
strategy for him: (a1 > c1) ∧ (b1 > d1). In this way he will be able to
influence player 2 beliefs. Another necessary condition for player 1
revealing his rationality will be that by influencing player 2 beliefs his
behavior will actually be affected in a convenient direction. By
revealing own rationality player 1 will only make player 2 more sure
about his intention of playing S. Since player 2 would anyway best
reply to S, player 1 will be indifferent about revealing own rationality.

3. If Θ1 > Θ∗1 and Θ2 < Θ∗2, given m1 = n, by proposition (1) it is
common knowledge that rational player 1 will choose action S with
certainty, ϕ̂2 = 1. On the other hand by proposition (2) it will be
common knowledge that rational player 2 will choose the best reply to
S with certainty. By revealing to be rational, player 1 would make
player 2 to know with certainty that he plays S. Since player 2 would
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play the best reply to S also if uninformed about his rationality, there
is no way in which player 1 can influence his behavior. Hence player 1
will be indifferent about revealing his rationality.

4. If Θ1 < Θ∗1 and Θ2 > Θ∗2, given m1 = n, by proposition (1) it is
common knowledge that rational player 2 will choose action S with
certainty, ϕ̂1 = 1. On the other hand by proposition (2) it will be
common knowledge that rational player 1 would choose the best reply
to S with certainty. By revealing to be rational, player 1 would make
condition (4) not to hold anymore for player 2, and since it already
did not hold for himself then both players will lack any additional
objective criteria in order to form their strategic beliefs ϕ̂1 and ϕ̂2

beyond the fact that player 1 will not play strictly dominated
strategies with certainty. If player 1 does not have strictly dominated
strategies then max {a1, c1} < a1+b1

2
is a necessary condition for him

to desire to reveal to be rational. The reason is that he knows that
player 2 would play S if m1 = n, and would become unpredictable if
m1 = r. By sending the message m1 = n player 1 could choose the
best reply to action S, and by sending the message m1 = r he would
play his safest action S against uniform beliefs about player 2
behavior. The condition guarantees that he prefers the second option.
The condition is also sufficient for him to desire revealing to be
rational, since player 2 behavior will be unpredictable and hence will
not impose any conditions of incentive compatibility. If U is a strictly
dominated action for player 1, then he will be able to influence the
beliefs ϕ2 of player 2 through E2 [θ1|Θ1,m1], since ϕ̂2 = 1 instead of 1

2
.

As seen in previous cases, the necessary and sufficient conditions for
player 1 finding convenient revealing to player 2 that he will play S
with certainty are a2 < c2 and a1 < b1.

QED

5.2 Two way simultaneous communication

Assume the set of players who simultaneously send messages is N∗ = {1, 2}.
Since players are not supposed to be able to coordinate their strategies into
an equilibrium, we analyze the cases in which certain strategies are clearly
not chosen by rational players because dominated by other ones.

Proposition 4 Consider 2× 2 generic games with a strictly safest action,
and assume population fractions of rational players such that
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∀j ∈ {1, 2} : Θj < Θ∗j .

1. For player i revealing to be rational (mi = r) is a weakly dominated
message iff ai > bi. Moreover it is strictly dominated iff action U is
not strictly dominated for player −i and (ai > bi) ∧ (a−i < c−i).
Player i is necessarily indifferent about revealing rationality if U is a
strictly dominated action for player −i.

2. For player i not revealing to be rational (mi = n) is a strictly
dominated message iff action U is not strictly dominated for player −i
and (a−i < c−i) ∧ (ai < bi) ∧

(
ci <

ai+bi
2

)
. Moreover, if action U is not

strictly dominated for player −i, then if not revealing to be rational is
weakly dominated then it is also strictly dominated (except for a
negligible class of games of mass 0).

Proof:

1. If ∀j ∈ {1, 2} : Θj < Θ∗j then by proposition (2) if m1 = m2 = n both
players play action S and hold beliefs ϕ1 = ϕ2 = 1. Suppose m−i = n.
If ai > bi then player i will not strictly desire to induce a change in
player −i behavior by letting him credibly know he will play S,
because player −i already plays S that is the action that gives player
i the highest payoff. If ai > bi and a−i > c−i then player i will be
indifferent about revealing his rationality, since such message will not
change the behavior of player −i. On the other hand if ai > bi and
a−i < c−i then player i will strictly prefer not to reveal his rationality.
Suppose m−i = r. If mi = n then player i will play the best reply to
S, getting utility max {ai, ci}. By revealing to be rational he will
make rationality of both players to be common knowledge, hence
player −i will become unpredictable unless he has strictly dominated
actions. Suppose player −i does not have strictly dominated actions,
then the expected utility of player i from revealing to be rational is
ai+bi

2
. If ai > bi then ai >

ai+bi
2

, hence player i will not reveal to be
rational. Suppose player −i has strictly dominated actions, then by
revealing rationality player i will not have any influence on his
behavior, hence will be indifferent about revealing rationality or not.
Suppose action U is not strictly dominated for player −i, and it holds
ai > bi and a−i < c−i. Then player i strictly prefers not revealing to
be rational, because if m−i = n then player −i will be able to take
advantage of him by playing U, making himself better off and player i
worse off. On the other hand if m−i = r then player −i will become
unpredictable and, as explained before, since ai > bi player i will not
desire it. Hence m−i = r will be a strictly dominated strategy. With a
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similar reasoning it is easy to check that all these conditions are not
only sufficient but also necessary.

2. If ∀j ∈ {1, 2} : Θj < Θ∗j then by proposition (2) if m1 = m2 = n both
players play action S and hold beliefs ϕ1 = ϕ2 = 1.
(a−i < c−i) ∧ (ai < bi) guarantees that if m−i = n then by revealing
his rationality player i will desire and effectively induce player −i to
play action U. Since ai < bi implies ai <

ai+bi
2

, the additional

condition
(
ci <

ai+bi
2

)
guarantees that if m−i = r then player i prefers

to make player −i unpredictable rather than knowing he will play S
with certainty. With a similar reasoning it is easy to check that all
these conditions are not only sufficient but also necessary. The fact
that action U is not strictly dominated for player −i is a necessary
condition for player i strictly preferring revealing his rationality,
because if U is dominated then player i is necessarily indifferent about
revealing rationality. Assume action U is not strictly dominated for
player −i, and suppose by absurd that revealing to be rational is
weakly dominated but not strictly dominated for player i. Then there
has to exist a situation in which at least one of the three conditions
does not hold, revealing to be rational is strictly optimal for the
message player −i does not send and, given the message player −i
sends, player i is indifferent about revealing his rationality. Suppose
m−i = r, then for the unsent message m−i = n player i should strictly
prefer mi = r. This implies that (a−i < c−i) ∧ (ai < bi) should hold,
and hence the third condition ci <

ai+bi
2

should not hold. But if

ci >
ai+bi

2
holds then player i strictly prefers not revealing to be

rational also for m−i = r, hence cannot be indifferent. The class of
games in which ci = ai+bi

2
holds, and hence player i is indifferent, has

mass 0 and hence is negligible. Suppose m−i = n, then for the unsent
message m−i = r player i should strictly prefer mi = r. This implies
that ci <

ai+bi
2

should hold, and hence that (a−i < c−i) ∧ (ai < bi)
should not hold. If (a−i < c−i) ∧ (ai < bi) does not hold then also if
m−i = n player i strictly prefers not revealing to be rational. We
conclude that does not exist a situation in which, given U is not
strictly dominated for player −i, for player i revealing to be rational
cannot be weakly but not strictly dominated.

QED

Proposition 5 Consider 2 × 2 generic games with a strictly safest action,
and assume population fractions of rational players such that ∀j ∈ {1, 2} :
Θj > Θ∗j . In such situation players will always be indifferent about revealing
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own rationality.

Proof: It directly follows from points 2 and 3 of proposition 3.

QED

Proposition 6 Consider 2× 2 generic games with a strictly safest action,
and assume population fractions of rational players such that Θi > Θ∗i and
Θ−i < Θ∗−i.

1. Player i will always be indifferent about revealing own rationality.

2. For player −i revealing to be rational is a strictly dominated message
iff players do not have strictly dominated actions and
max {a1, c1} > a1+b1

2
, or U is a strictly dominated action for him but

not for i, and a2 < c2 and a1 > b1. Not revealing to be rational is a
strictly dominated message for him iff players do not have strictly
dominated actions and max {a1, c1} < a1+b1

2
, or U is a strictly

dominated action for him but not for i, and a2 < c2 and a1 < b1.

Proof:

1. It directly follows from points 2 and 3 of proposition 3.

2. It directly follows from point 4 of proposition 3.

QED

5.3 Two way sequential communication

Assume player 1 sends his message first and then, once player 2 has received
it, player 2 will send his message. After this, they will play the action game
G simultaneously. We assumed that it is common knowledge that players
sends suboptimal messages with a positive probability ε. Given this, player
1 will never desire to send weakly dominated messages, because each of the
two messages of player 2 will have a positive probability of being sent. Since
the sequential structure of the game will not affect players behavior in case
messages of player 1 are weakly dominated (he will always desire to send
the undominated message, independently of the message player 2 is expected
desiring to send), we focus on games in which for player 1 no messages are
weakly dominated. Given our assumption about weak lexicographic pref-
erences for revealing own rationality, if player 2 has a weakly dominated
message then he will not send it unless it is the best one according to second
order utility in the situation in which he is indifferent according to first order
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utility about which message to send. Because of this, it is also not inter-
esting to study the cases in which player 2 has weakly dominated messages.
Moreover we will assume players do not have strictly dominated actions,
otherwise player i would be indifferent about revealing own rationality since
there would be no way in which he could affect player −i behavior through
messages.

Proposition 7 The necessary and sufficient conditions for all players not
having weakly dominated messages are that for both of them U is not a
strictly dominated action, ∀i ∈ {1, 2} : Θi < Θ∗i and (ai < bi)∧ (a−i < c−i)∧(
ci >

ai+bi
2

)
. Given these conditions, player 1 always reveals to be rational,

and player 2 does not.

Proof: The conditions for both players not having weakly dominated mes-
sages directly follow from propositions 4, 5 and 6. By proposition 5 and 6
follows that ∀i ∈ {1, 2} : Θi < Θ∗i is a necessary condition. From proposition
4 follows that both players should not have strictly dominated actions. From
point 1 of proposition 4 follows that for each player ai < bi and a−i < c−i
are necessary and sufficient conditions for message r not being weakly dom-
inated. From point 2 of proposition 4 follows that for each player ci >

ai+bi
2

is a necessary and sufficient condition for message n not being weakly dom-
inated. From point 1 of proposition 3 follows that if ai < bi and a−i < c−i
and Θ−i < Θ∗−i then player i should reveal own rationality, hence player 1
will always reveal it. from point 4 of proposition 3 follows that player 2, after
player 1 revealed own rationality, will never reveal own rationality.

QED

6 Extensions

In this section we will see how the methods developed for solving 2×2 games
are applicable to more general settings where there are larger action sets and
a higher number of players involved. Potentially it seems straightforward to
extend such methods to generic finite games.

6.1 2 players finite games

In principle, the the theory developed for 2×2 games can be easily extended
to 2 players finite games. Proposition (8) characterizes the threshold fraction
of rational players in a population that, if the fraction of rational players is
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smaller than such threshold and the corresponding player did not reveal
own rationality, then players have additional criteria to predict each other
behavior. Such threshold always exists and is unique. Moreover, as in the
2×2 case, proposition (9) shows that having one population with the fraction
of rational players below the threshold is a necessary and sufficient condition
for players having additional criteria for predicting each other behavior.

In order to generalize the results to 2 player finite games we need to slightly
change the notation and some definitions. Consider a game G, called the
action game, with N = 2 players. Each player i ∈ {1, 2} chooses his actions

from the set X i = {Sk}c
i

k=1, where ci is the cardinality of the counting set of
player i: Ci = {1, 2, 3, ...ci}. The action set is ordered such that the actions
with a lower index are strictly safer that the actions with a higher index.
We will focus on games in which the actions are classifiable according to a
strict order of safety: there not exist two actions that are equally safer in the
action set of a player. An action is defined to be strictly safer than another
if the corresponding expected payoff is strictly higher under uniform beliefs
about the opponent choice of action. Formally ∀k ∈ Ci and k 6= ci :

E
[
ui(Sk, x

−i)|ϕi = 1
c−i

]
> E

[
ui(Sk+1, x

−i)|ϕi = 1
c−i

]
(8)

where ϕi is the c−i × 1 vector of beliefs of player i about the action player
−i will play: ∀j ∈ C−i : ϕij = Pr(x−i = Sj). Clearly such beliefs have to
sum up to 1. The von Neumann-Morgenstern utility function of each player,
ui(Sk, Sj), is a real valued function ui : X i ×X−i → R and is represented in
a ci × c−i matrix with elements uikj = ui(Sk, Sj). Condition (8) implies that
for the utility function of the player i it always holds that ∀ {k, r} ∈ Ci×C−i
and k < r:

c−i∑
j=1

[
uikj − uirj

]
> 0 (9)

Call ρikrj =
[
uikj − uirj

]
. Define ∆i

−i the set of actions player i believes player
−i to choose with positive probability. Define the cardinality of such set δi−i.
For each player, call Di

k the subset of Ci such that for every r ∈ Di
k it holds

that ∃j ∈ ∆i
−i : ρikrj < 0. Di

k is the set of actions of player i that are not
strictly dominated by action Sk. Call dik the cardinality of such set. Define
Di the set of actions of player i that are not strictly dominated by any action
Sk ∈ Xi. Call di the cardinality of such set. Clearly, the sets Di

k and Di are
endogenous to the beliefs about the actions that other players will choose.
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Such beliefs are determined by the assumption of uniform randomization over
the actions of each opponent believed to be played with positive probability,
the fractions Θj of each population and the messages mj sent.

The game ΓN∗(G) made of the action game G preceded by one round of
pre play communication is defined as in the 2 × 2 case. As before, γi is
the belief of player i about player −i sending the message m−i = n and
γ̂i is the belief about rational player −i sending such message. As before,
we will consider the case ε → 0 where only message r will influence the
beliefs of the receiver about the rationality of the sender. Messages are sent
ultimately to make the opponent to change his behavior in the action game
G. We defined already the belief of player i about the opponent playing
action Sj ∈ X−i to be ϕij. Such belief will be composed by the probability
that an irrational player is committed to such action times the probability
the opponent is irrational, plus the probability that a rational opponent
would chose such action times the probability that the opponent is rational:
ϕij = 1

c−i (1− Ei [θ−i|Θ−i,m−i]) + ϕ̂ijEi [θ−i|Θ−i,m−i].

Having defined safety of actions and the new notation, we are ready now for
stating in proposition (8) a sufficient condition for players having common
knowledge of additional criteria for predicting each other behavior.

Proposition 8 Suppose player −i did not reveal to be rational. If the pro-
portion of rational players Θ−i is small enough such that condition (10) holds,
then it will be common knowledge that a rational i player will not play ac-
tions Sr for r > k. Moreover the threshold fraction of the population Θ∗−ik for
which Θ−i < Θ∗−ik is a sufficient condition condition for (10) to hold always
exists and is represented in equation (11).

∀r ∈ Ci and r > k:

Ei [ui (Sk, x−i) |ϕi (Θ−i,mi,m−i)] > Ei [ui (Sr, x−i) |ϕi (Θ−i,mi,m−i)] (10)

Θ∗−ik =
ρ̄ikr∗

−ρikr∗j∗ + ρ̄ikr∗
(11)

where ρ̄ikr∗ = 1
δi−i

∑δi−i

j=1 ρkr∗j, and {r∗, j∗} = argmin{r∈U i
k,j∈∆i

−i}
{
ρikrj

}
.

Proof: Condition 10 implies that ∀r ∈ Ci and r > k:
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δi−i∑
j=1

ρikrjϕij > 0 (12)

Define {r∗, j∗} = argmin{r∈U i
k,j∈∆i

−i}
{
ρikrj

}
, that are the indexes of the ac-

tion of player i and of player −i that minimize the convenience of choosing
action Sk for player i. Notice that the action r of player i is chosen from the
subset of actions that are not dominated by action Sk, and this implies that
ρikr∗j∗ < 0. Recall that the beliefs of player i about the action player −i will
choose, that is the vector ϕi, is a function of the vector of beliefs ϕ̂i about
the action player −i will choose if rational. Call ϕ̂∗i the vector of beliefs such
that ∀j 6= j∗ : ϕ̂∗ij = 0 and ϕ̂∗ij∗ = 1, that is player i believing rational player
−i playing Sj∗ with certainty. Notice that these beliefs are the ones for which
condition 12 is the least likely to hold. Evaluate 12 at r∗ and ϕ̂∗i . It can then
be rewritten as

δi−i∑
j=1

ρikr∗j
1
δi−i

(1−Θ−i) + ρikr∗j∗Θ−i > 0

Notice that the equation will be necessarily decreasing in Θ−i, hence it may
hold for Θ−i small enough. The value of Θ−i for which it holds with equality
is

Θ∗−ik =
ρ̄ikr∗

−ρikr∗j∗ + ρ̄ikr∗

where ρ̄ikr∗ = 1
δi−i

∑δi−i

j=1 ρkr∗j, and {r∗, j∗} = argmin{r∈U i
k,j∈∆i

−i}
{
ρikrj

}
. No-

tice that since ρikr∗j∗ < 0 then it is always the case that Θ∗−ik ∈ (0, 1).

QED

Having characterized the threshold of rational players in a certain population,
it is easy to identify the necessary and sufficient conditions for players having
additional criteria for predicting each other behavior.

Proposition 9 The necessary and sufficient condition for players having
additional criteria to form their beliefs about their rational opponent behavior
is that for at least one population ∃ki ∈ Cis.t.Θi < Θ∗iki and player i did not
reveal to be rational. If such condition does not hold then players will hold
the following beliefs, that will not be common knowledge.
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ϕ̂ij
(
∀j : Θj > Θ∗j

)
=

{
1
δi−i

if j ∈ ∆i
−i

0 otherwise
(13)

Proof: We already proved in proposition 8 the sufficiency of the condition, we
now need to prove that it is necessary. If for both players ∀k ∈ Ci : Θi > Θ∗ik
hen proposition (8) has no bite. Since for both players ϕ̂i will not be negligible
for the choice of the optimal action, then due to strategic uncertainty they
will lack objective criteria to predict their opponent behavior if rational. As
a consequence they will hold uniform beliefs over his undominated actions.
These beliefs are not common knowledge, otherwise players will be able to
forecast the action taken by the opponent and best reply to it, and then
the beliefs would not be stable unless they are a Nash equilibrium. Since
we assumed lack of pre existing conventions that coordinate players into
equilibrium play, the uniform beliefs over undominated actions are necessarily
not common knowledge. Only the fact that players will not play dominated
actions is common knowledge.

QED

We saw that in principle we can apply the same criteria developed for 2× 2
games to solve 2 players finite games: the reasoning is the same. In practice,
it is quite tedious to characterize the incentives for revealing own rationality
for 2 players finite games as we did for 2 × 2 games in proposition 3. The
reason is that if the actions are more than 2 there can be complex relations
of iterated dominance and safety among them, while with only two actions
is very simple: U is at least unsafe and at most dominated. For example,
with three actions, the first may dominate the second, the second may be
safer than the third, and the third may be undominated. Dominance solvable
games seem to be a particularly interesting class of games to analyze from the
point of view of the incentives for revealing own rationality. The consequences
of common knowledge of rationality are quite sharp: players will be able to
predict with certainty the outcome of the game. From this point of view such
games are at the opposite extreme of 2× 2 games, where we have seen that
most of the times common knowledge of rationality implies maximization of
strategic uncertainty. Many relevant 2 players finite games are dominance
solvable. Among the very popular ones: p-Beauty Contests, finite Bertrand
and Cournot duopolies, the finite Hotelling location model, the finite Vickrey
auction, many finite common value auctions. Moreover, all Maximum games
are dominance solvable.
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6.2 N > 2 players finite games

Roughly speaking, we have seen before that when a player has only one
opponent and doubts enough his rationality then it will be common knowl-
edge that he will not play some particularly risky actions. What if a player
has more than one opponent? It turns out that, approximately, the same
reasoning still applies.

In order to discuss the incentives for revealing own rationality with N > 2
players we will keep the same notation and definitions used for 2 players finite
games, with few exceptions. The set of players now will be N = {1, 2, ...n}.
The belief of player i regarding the probability his opponent j is rational will
be τ ij = Pr(θj = 1|Θj,mj). τ

i will be the vector of such beliefs of player i.
The belief of player i regarding the probability with which player j will play
action Sk will be ϕijkj . Similarly, the same belief regarding rational player j

playing action Sk will be ϕ̂ijkj . Call ϕi and ϕ̂i the matrices of such beliefs
of player i about all his opponents. The von Neumnann-Morgenstern utility
function of player i, ui(x1, x2, ..., xn), is areal valued function ui : ×j∈NXj →
R and its values are defined as ui{jr}r∈N

= ui(Sj1 , Sj2 , ..., Sjn).

Analogously to the two players case, rational player i will be commonly
known not to play actions Sr for r > k if

Ei

[
ui

(
Sk, {xj}j 6=i

)
|ϕi(τ i)

]
> Ei

[
ui

(
Sr, {xj}j 6=i

)
|ϕi(τ i)

]
(14)

Suppose at least one opponent of player i did not reveal his rationality, hence
∃τ is < 1. The belief of player i about the rationality of such player s will be
τ is = Θs. How small should be the fraction of rational players in population
s such that additional criteria for predicting player i behavior are common
knowledge? With a reasoning analogous to the one in proposition 8 it turns
out that the threshold fraction of rational players in population s is

Θ∗−ik =

∏
l 6=i,l 6=s

1
cl

(1− τ il )ρ̄ikj∗i
−
∏

l 6=i,l 6=s τ
i
l ρ
i
kj∗1 ...j

∗
n

+
∏

l 6=i,l 6=s
1
cl

(1− τ il )ρ̄ikj∗i

where

ρik{j∗r }r∈N = uik{j∗r }r 6=i
− ui{j∗r }r∈N
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ρ̄ikj∗i =
∑
l 6=i

δil∑
jl=1

1
δil
ρikjl{jr}r/∈{i,l}

and

{j∗r}r∈N = argmin{jr}r∈N

{
ρik{js}s∈N

}
Moreover, analogously to proposition 9, having at least one population with
Θs < Θ∗s and player s did not reveal rationality is a necessary and suffi-
cient condition for players having commonly known additional criteria for
predicting each other behavior.

As for 2 players finite games, it seems interesting to focus the analysis on
dominance solvable games.

as a consequence the generalizations to more than two players of the games
mentioned in the previous section are obvious candidates for the analysis.
Moreover, there are many majority and plurality voting schemes that are
dominance solvable. Most of the games mentioned until now have some
conflict of interest among the players, that makes it generally not obvious
that players want to reveal their rationality to each other (it depends on
the relation between safety and preferred outcomes, as we have seen for
Chicken and Battle of the Sexes games). On the other hand the Dirty Faces
game seems to be a good candidate for being an example in which players
desire to reveal their own rationality to each other, since it would bring only
advantages to everyone.

7 Discussion of the assumptions

Which kind of situations may be described by the model analyzed in this
paper? In order to seriously reply to this question we need to analyze the
main assumptions of the model and understand in which situations they may
be reasonable simplifications of reality, and in which ones they are just no
sense.

We assumed that the players come from different populations, each of them
with a certain fraction of rational players in it. We assumed that the frac-
tion of rational players in each population is common knowledge among the
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players. This assumption is quite strong, and needs to be justified. From
where it comes this common knowledge about the probabilities that players
are rational? We may think about the probabilities Θi as the reputations of
rationality of the players involved in the game. If the players already knew
each other, then the beliefs about rationality are determined by the common
past experience. If the players did not know each other before then they may
be identified with some stereotypical social groups which are commonly as-
sociated with having a certain degree of rationality. Such social groups could
be ethnic or cultural identities, the level of formal education or relevant past
employment experiences of an individual, social status, age, gender, ecc. In
a symmetric situation, it could be the average degree of rationality that is
expected in society. The model developed here seems more reasonable for
the second scenario: the one of players who did not know each other before.
The reason is that if as in the first scenario the beliefs about rationality of
each other come from a shared history, then it is likely that this shared his-
tory would help the players also to coordinate into equilibrium play. Since
we assumed players do not have any additional criteria to predict each other
behavior beyond iterated elimination of strictly dominated strategies, then it
seems necessary to assume that these players are meeting for the first time.
Still, this condition is not strictly necessary. If they knew each other be-
fore, then the model could still be a reasonable interpretation of reality if
we assume that the game they are going to play is a relatively new type of
situation, such that their common past helps them to make inferences about
the rationality of each other but not directly about which strategies they are
likely to play.

We assumed also that players engage in pre play communication, but are
allowed only to reveal (or not) their own rationality. Why they do not also
communicate about their intentions? Clearly this is a strong assumption and
the predictions of the model rely heavily on it. Moreover, regarding the com-
munication stage, we assumed also that rationality of players is verifiable. If
a player claimed to be rational then he must be so, because he has provided
hard evidence of it. If rationality would not be verifiable then communica-
tion would be cheap talk, and the meaning of claims of rationality would be
endogenous to the model. When it is reasonable to assume that rationality is
verifiable? We just highlighted two strong assumptions about how the com-
munication stage is modeled: the absence of communication of intentions and
the verifiability of communication of rationality. Fortunately these assump-
tions are not so strong as they seem. The model could reasonably describe
situations in which communication of intentions is allowed in principle, but
it is extremely inefficient such that players are not able to coordinate their
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beliefs into an equilibrium. As the literature on cheap talk shows, this is
often the case when more players than one are allowed to communicate their
intentions. In these cases it may be necessary to have many rounds of com-
munication in order to make beliefs to converge into equilibrium play. Also
the assumption about verifiability of rationality is not so strong as it seems.
We could interpret a player rationality as this player knowing the payoffs of
the game, that is basically being informed and prepared about the situation
he is going to face together with the other players. Knowing the payoffs of
the game is a necessary condition for being able to best reply, hence being
rational in the classical sense. Giving such interpretation to the notion of
rationality then makes its verifiability quite reasonable: in order to show he
is rational a player should just show that he understands the situation he
is facing and the consequences of his and others actions. Communication is
not necessarily explicit and verbal: it could be through social symbols such
dress code, etiquette and in general having an appropriate behavior for a
certain type of situation. As an extension, it seems interesting to analyze a
model in which players can communicate both about their rationality and
their intentions. The analysis of such model would rely heavily on the as-
sumptions about how irrational players are expected to communicate their
intentions. Following the assumption of Ellingsen and Ostling (2010) that
irrational players always communicate truthfully their intentions the model
should give some sharp and insightful predictions. For instance under such
assumption it seems reasonable that if a rational player wants to give an
implicit order to the opponent then he should always claim to be irrationally
committed to the action he intends to play.

It seems reasonable to assume that in 2 × 2 games players are able to fully
comprehend the consequences of their opponent being rational, and also of
common knowledge of rationality. Understanding that a rational opponent
would not play dominated strategies and if faced with high strategic uncer-
tainty would play safe seems affordable when the strategies are 2 and the
opponent is 1. when we analyzed 2 players finite games and N > 2 player
finite games we also assumed that players are able to fully comprehend the
consequences of rationality of their opponents and of common knowledge of
rationality. This assumption seems less reasonable in these more compli-
cated games. Empirically, it seems that players compute on average 1 or 2
steps of strategic thinking and hence are not able to fully comprehend the
consequences of knowing the rationality of their opponents (see Camerer et
al. (2004)). Are there better assumptions to be made in order to describe
more appropriately the incentives for revealing own rationality in complex
situations when there are a high number of strategies or of opponents? A
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reasonable assumption could be that, somehow analogously to the Cognitive
Hierarchy model of Camerer et al. (2004), the number of steps of thinking
that a rational player is able to compute is Poisson distributed. In this set-
ting the message space could still be binary (rational/ not), or could be made
continuous: a player reveals his degree of rationality, that is the expected
number of steps of thinking that he is able to compute.

Generally, it seems that the assumptions made in this model are strong but
not absurd. They allow a sufficiently stereotyped description of relevant
social phenomena such that the framework of analysis is very simple and
hence manageable also for not advanced students and not academics.

8 Conclusion

This work fully characterized the incentives for revealing own rationality in
generic 2× 2 games. Moreover, it showed that in principle the same method
can be applied to generic finite games. Characterizing the incentives for
revealing own rationality in such broader class of games is an interesting
topic for further research.
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